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The classification of equilibrium states of superfluid with scalar, vector and tensor order parameters is carried
out on the basis of the quasiaveragues concept. The generalization of a requirement of the residual symmetry for
nonuniform equilibrium states is given. The admissible requirements of a spatial symmetry in the terms of integrals
of motion are found. The connection of these requirements with helicoidal structure of vectors of a spin and spatial
anisotropy is established. At some restrictions is shown, that the equilibrium structure of an order parameter can be
represented as product of a nonuniform part, depending on spatial coordinates, and homogeneous part of an order

parameter.
PACS: 67.57.-z, 05.30.Ch

1. INTRODUCTION

Investigations into the phenomenon of superfluidity
in *He have resulted in the prediction and discovery of a
number of superfluid phases. Among the discovered
phases we mention the isotropic B-phase, anisotropic A-
and A,-phases in the presence of a magnetic field. The
other phase states have not been found in experiment.

The classification of homogeneous equilibrium
superfluid states in *He was carried out in [1-5] on the
basis of the Ginzburg-Landau theory or with the use of
group-theoretical methods.

The papers [6-8] dealt with nonuniform equilibrium
states in superfluid *He. Within the framework of model
expressions for a free energy, those authors have
elucidated the stability conditions of helicoidal
structures. In papers [9,10] the stability boundaries of
the mentioned states were extended to a wider range of
temperatures. The interest in this problem has increased
due to its close connection with the problem of critical
velocities in superfluid *He. However, no classification
of equilibrium inhomogeneous states was performed.

The purpose of the present study has been to classify
superfluid phases for singlet or triplet pairing on the
basis of the quasiaverages concept [11,12], taking into
account  possible  nonhomogeneous  equilibrium
structures. We have formulated the condition of residual
symmetry of the equilibrium state and the simultaneous
condition of spatial symmetry. Nonhomogeneous
equilibrium structures of order parameter are found.

2. NOPMAL EQUILIBRIUM STATE OF
FERMI LIQUID

The Gibbs statistical operator is given by the
standard expression

W= expl0 - T - VN @.1)
where H” - Hamiltonian, A - particle number operator,
YO_ Ler. temperature, - Yy /Yy = Ji; - chemical

potential. For simplicity we assume that the condensed
medium as a whole is at rest, and the effective magnetic
field is equal to zero. The statistical operator has the
following symmetry properties:

[ =0, [wH]=o0.
[#,8; ]= 0, [#L7]= 0,

[w. 5] = 0,
22)

P}{ - operator of impulse, Sa and L} - operators of spin

and orbital momenta. The first three relations represent
the space-time translational invariance and the phase
invariance. The symmetry conditions relative to the
rotations in spin and configurational spaces imply the
neglect of weak dipole and spin-orbit interactions at
characterization of equilibrium state.

The unitary transformations U = expiég , where

GO Lg:,LA’]\A],PA,H‘ are the integrals of motion and &

denotes the parameters of transformation, leave the
Gibbs statistical operator invariant

UwU" = . 2.3)
Note that the averages of the form SpW[G,E(x)] =0 at
B

an arbitrary operator l;(x) If l;(x) = x), then,

taking into account that the commutators ’GA,AA a(x)]
are linear and homogeneous in the order parameter

operators A a(x) , we come that the average normal-

state equilibrium order parameters vanish
Spv?/AA a(x) =0.

3. EQUILIBRIUM. SINGLET PAIRING OF
FERMI SUPERFLUID

The quasiaverage a(x) = <d(x)> in the equilibrium
state with broken symmetry is given by the formula [11]
<&(x)> = Vlimo Vlimco Spwy &(x), (3.1
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Wy = explay - YoH™ = YN - vYoﬁ),
Here the operator [ is a linear functional of the order
parameter operator

F= jd3x(f(x)&(x) + h.c.) )
f(x) is the function of coordinates, conjugate of the

order parameter, which sets the equilibrium values of
the latter. The Fermi superfluid with singlet pairing is
characterized by the scalar order parameter

§(x) = (ir2)w(x)o 0 (x).

Here ¢ (x) is the Fermi operator of particle annihilation

(3.2)

at the point X, and 0 5 - is the Pauli matrix. The order

parameter operator satisfies the commutation relations
[ ll]= 20 (). 0= o
i{P}(,AA(x)I = -0 kAA(x) ,
iIL},AA(x)J = _giklxk[] IAA(x) . (3.3)
We shall consider homogeneous equilibrium states
to establish possible structures of the scalar order

parameter. The homogeneous equilibrium statistical

operator satisfies the relation
i ] = 0. (3.4)

The analysis of homogeneous subgroups of the residual
symmetry of equilibrium states is realizable on the basis
of the relation

[w.7] = 0, (3.5)
where the residual symmetry generator 7 presents a
linear combination of integrals of motion

Tzall+by Sy +eNzT(e), (3.6)
(a;.by ez 8.
According to relations (3.4), (3.5), we have

iSplﬁ/,TAJAA(x) =0,

iSpIW, PA-]AA(x) =0,

with real numerical parameters

Whence, in view of (3.3), we have ¢ = 0, as A(x)# 0.
The residual symmetry generator takes on the form
T=al;+, 5. 3.7

The order parameter in the equilibrium state for this
case looks like

<A(x)> = l](Y)expi¢ .

Here 1 is the modulus of the order parameter, and P is
the superfluid phase.

Let us now consider the states of equilibrium, which
have no translational invariance (3.4). The physical
possibilities of violation of this equilibrium state
invariance are as follows: (i) violation of phase
invariance (the superfluid impulse is nonzero), (ii)
violation of symmetry relative to spin rotations (the
vector of a magnetic spiral is distinct from zero), (iii)
violation of rotation symmetry in the configurational
space (the vector of a cholesteric spiral is not equal to
zero). Such symmetry of the equilibrium states can be
given by the following relation:
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[y 0,

B2 P - kN - gy Sa - 1t (3.8)
here P;.qy, ,l‘,q- are certain real parameters. The

residual symmetry generator for these states now
includes the operator of impulse

T=al;+bySy +cN+dpy, (3.9)
According to the relations

iSplﬁ/, f*IAA(x) =0,

iSp[vAv,}A’l-]AA(x) =0
we come to the equalities that relate the parameters of
spatial symmetry generators to the parameters of
residual symmetry generator as

it P = 0, 0 (x)= 2ipa(s),  3a0)

@t gt Pp = 0, ctdip= 0.

We shall find additional relationships between these

parameters using the Jacobi identity for the operators

w, f", 13 and W,P,*,Pk. Taking into account the

properties of residual and spatial symmetries we have
Spl | 7.2, ][5 (x) = 0,
ol 5. B[l (+) = 0.

These formulas lead to an admissible structure of

residual and spatial symmetry generators

T=all'+ by Sy + diP5 - pLN), (3.11)

Let us consider a special case of ¢;, = 0 and 4= 0
[12]. The requirement of spatial symmetry

W,Pklz O, PkE Pk_ pkN’ (3.12)
means that a macroscopically great number of particles
can be in the state with impulse p . The symmetry of

the equilibrium state relative to rotations in
configurational and spin spaces is not violated and is
determined by the formulas

i)z 0, [#,8,]= 0. (3.13)
Relations (3.12) allow one to find the coordinate

dependence of the order parameter in the
nonhomogeneous equilibrium state

A(x) = SvavAA(x) = I](Y,p)exp2i¢ (x) ,

6 (x)= px+ o). (3.14)

4. EQUILIBRIUM. VECTOR ORDER
PARAMETER OF FERMI SUPERFLUID

The vector order parameter is given by formulae [13]
i (x) = é‘lfau (x)(rz)aa.(a 204 )W vufg'p '(x) .(4.1)

According with this definition we have
INa»Aa(x”: ‘Aa(x), a=12,

ilS’a ’&ﬁ (x)] = '5a[3y5y (x),



i{"}c»&a (x)] = -0 b (), 4.2)
i{LAk,AAa (x)J = _Ekjlij ZAAa (x) .

Residual symmetry generator has the form
Tz al-LAi+ by S’a + CaNa-

Therefore we get equation

iegpy by et epliggog =0
Then we can write
(Cl + CZ)(CI + 02)2 - bZJ = 0.

Possible equilibrium structures of vector order
parameter and residual symmetry generators are
presented on Table 1:

Table 1
. Order
Residual symmetry Parameter
Generator Iy
ajlj+ bdg Sq + 2c1(N1 - Nz) Adj,
. 5 | Bley ti
aiLi+bHda Sy i—(Nl.I.Nz)H_I_ (a fa)
2 0
i 2Cl(Nl B N2)

5. HOMOGENEOUS EQUILIBRIUM STATES
OF SUPERFLUID *HE

The order parameter of a superfluid fluid with triplet
pairing contains the spin index ¢ = 1,2,3 corersponding
to the spin angular momentum s = 1, and the vectorial
index k= 1,2,3 relevant, by virtue of Pauli's exclusion

principle, to the orbital momentum /= 1. As an order

A

parameter operator 4, k(x) it is convenient to choose

0 kt/f(x)a 20y llf(x)
(5.1

Here 0, - are the Pauli matrices. According to this

definition, the following equalities are valid:

ilSA'a ,AAﬁi(x” = _EaﬁyAAyi(x)’

INA[K |- '25[51'()‘), (5.2)
{Pk’& ”: 'Dk&ai(x)
l“k’ ai(x”: 5/gzijzA ilx )‘fkizﬁaz(X).

The operator violating the symmetry of equilibrium
state represents a linear functional of the order
parameter operator

3 (¢ .
= |d x(Aak(x)fka (x) + he) (5.3)
The quasiaverage value of the order parameter is the
function of thermodynamic parameters and the

functional of (x)

borle) = spid i (x)= 0 (rosls)) s

By virtue of algebra (5.2) and symmetry relations (4.8)-
(4.10) we obtain the equality, defining the equilibrium
structure of the order parameter

it gy * tueagy Dyt 2ctygdgh g = 0
The nonzero solution for the order parameter is
provided by the following condition:

det

aieilg'(syﬂ t by faﬂydkj + 2ic(5ﬂy5lg~‘:0
So, we have
21'(:(612 - 44:2)(b2 - cz)“a- b)2 - 4C2JX
X [(a+ b)z - 4c2] = 0.
The results of classification by using this equation are
presented in Table 2. There are described 12 anisotropic

phases and one isotropic phase of superfluid *He
homogeneous states.

6. NONUNIFORM EQUILIBRIUM STATES
OF SUPERFLUID PHASES *He

First we
subgroups,
operators.
Case I: The spatial symmetry generator is

PkE Pk'pkN. 6.1
From this definition and taking into account algebra

(5.2)we shall obtain the following equation for the order
parameter

0,;A ﬂk(x) = 2ip;A ﬁk(x) )
Its solution has the form

AﬁAA:JWMAMmL¢u%¢+pm (6.3)

here & pk(o) is the homogeneous part of the order

shall consider the spatial symmetry
the generator of which consists of two

(6.2)

parameter independent of the coordinate. The conditions
of nonviolated symmetry and the spatial symmetry lead
to the equation for 4 ﬁk(o) and the constraint of
parameters,
Y kit pit by b py byt 2ichpi= 0
ax p=0, (6.4)

where ¢ = ¢+ pd . For the homogeneous part of the

order parameter A4 [zk(o) (6.3), the procedure of

classification considered above is valid.
Case II: The operator of spatial symmetry looks like

Bz P dpy S (6.5)
The requirement of spatial symmetry results in the
equation for the order parameter

0;h ,Bk(x) = qiagaﬁyAyk(x)-

The Jacobi identity for the operators W, z’Pk allows

(6.6)

one to establish the structure of parameter g, :

dig = 9" - (6.7)
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Table 2. Classification of possible equilibrium states with tensor order parameters

—_— -

Residual symmetry generator m, m, Order parameter Phase
"+ R, S, - - AR, B
e t ¥i
My 11 0 hd, (m, Fin,) A
0 t —.
£l A (ea +if, )lk p
> t1 t1 T T
s - m, X A(ea *if, )(mk +mk) A
2 0 0 Ad, 1, Polar
0,61 | 0 dy (am) + B, + c1 | -

dSA'- 2m,|ms|l|.A - %mS]\A/ t1 :1 A(mk Trink)(ea Fify )+ Bd, (mk 1ink) A+A
£l
0 (ea Fify )(Amk t Bny + Clk)
0 0.£1 (4eq + By + cag )1, -
IL - 2m, m,|d§- %ml]\A/ £ ¢ Alm, wing ey Fify )+ B1 g Fify) | AP
t1 0
(Aea + Bf, + Cd, )(mk iink)
A,
01 | 07 |eg (dmy + By |+ fy |- By + dny |+ cdgr, | €
e oo Alk(ea Fify )+ Bd, (mk 1ink)
1L+ ds- %N 2 ¢
A(ea Fify )(mk iink)
+1 +1
Al

Note. A,.B,C are arbitrary complex numbers

Here ¢} is the magnetic spiral vector, 7y is the axis of

anisotropy in the spin space. The equilibrium value of
the order parameter with this spatial symmetry has the
form

b 5e13) = ap (el
B(x) =0+ gx, (6.8)
where apy is the orthogonal matrix of spin rotation.

The requirement of residual symmetry (4.9) with due
regard for spatial symmetry (6.5) allows us to obtain the
equation for the homogenecous part of the order
parameter

UE it B Dy bqpy byit 2ichpi= 0,
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by = by + dqng
and the constraint of the symmetry parameters
bxn=0, 0.
Case III: The spatial symmetry is defined by the
equality
B =P - tkj"j- (6.9)
The requirements of spatial and residual symmetries

(6.9) (3.5), the Jacobi identities with due regard for the
algebra (4.2) lead to the admissible structure of the

CZJEJmnqn =

matrix tij:
R 6.10)

The nonhomogeneous part of order parameter is written as




Ayi(x) = aik(lw (XJ)Ayk(O). (6.11)
Here aik(l v (x)) is the orthogonal matrix of rotation

around the axis / in configurational space by an angle
1] (x) = + t/Ix. This solution describes the helicoidal

structure. The parameter o7 1 determines a pitch of a

helicoid, whose direction is given by the unit vector / .

The condition of residual symmetry with account of
(6.9),(6.11) leads to the equation for the homogeneous
part of order parameter

agé b prt byegpy byi+ 2ichpg; =0,
aj = a; +1;ld

and the constraint of the parameters of symmetry
axl=0.

Case IV: The spatial symmetry operator looks like

Bz Py pyN - qung Sy - L (6.12)

The structure of the order parameter has the form
A (8o (el

A 8 l.(x) e
The equation for the homogeneous part of the order

parameter 4 yk(O) is as follows
ait ybp1(0) + by fagyéy1(0)+ 2ich g(0) = 0,
aj=a;tdild, by = by +dqng
cEct pd.

The restrictions on the parameters @;,by ,¢,d; of the
generator 7' and the parameters P9y My .11 , of the
spatial symmetry operator ﬁk result in the collinearity

of vectors p,q,l,a , and also of b,n .

CONCLUSION

It has been demonstrated that nonhomogeneous
structures of order parameter can be presented as a
product of the nonhomogeneous part of the order
parameter dependent on spatial coordinates by the
homogeneous part. In the general case, the
nonhomogeneous part is the product of orthogonal
matrices of rotation in spin and configuration spaces by
the oscillation phase term. For the renormalized
homogeneous part of order parameter, the traditional
procedure of classification is valid.
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