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We consider polarization properties of the Vavilov-Cherenkov radiation using the relativistic quantum treatment
of the one-photon Cherenkov emission. The probability of the one-photon emission by relativistic electron is calcu-
lated in the framework of quantum electrodynamics with inclusion of all polarizations (polarized electron 1 emits
polarized electron 2 and polarized y-quantum). Relations between initial and final electron polarizations were found.
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1. INTRODUCTION

More than 70 years were gone since the discovery of
the Vavilov-Cherenkov radiation (VCR). This phe-
nomenon was considered in hundreds of works; most of
them dealt with classical charge radiation and didn’t
take into account quantum properties of particles. There
are not many works, where a polarization of emitted y-
quantum was investigated [1]. They are Cherenkov’s
works (1934, 1937), where experimental data for the
polarization was from 10...12% till 50%. Also in
Mazer’s and Zrelov’s works it was reported about VCR
process of protons with y-quantum polarization near
100%, and that is in agreement with theory predictions
[1]. The distinction between Cherenkov’s observations
and results obtained later was explained by a lack of
good collimated beams of electrons in Cherenkov’s
experiments.

The quantum theory of VCR first was developed
by Ginzburg [2]. In this work were considered VCR
features related with spin and recoil of emissive
charge. But Ginsburg didn’t go beyond the energies
of y-quantum little in comparison with whole energy
of electron. Full calculations of electron spin charac-
teristics and y-quantum polarization for all allowed
by the laws of conservation energies of y-quantum
were done in [3]. In particular it was shown, that by
ordinary circumstances of experiment the maximum
of electromagnetic radiation is located in X-ray part
of spectrum. The intensity of radiation in maximum is
about 10* times more then intensity in ultraviolet part
of spectrum. However in this work general relations
for intensity with account of all polarizations of elec-
tron and photon were written, they were used only in
the case, when averaging and summing over polariza-
tions of initial and final electron and photon were
made.

The aim of this work is detailed consideration of
polarization effects in VCR phenomena with the ac-
count of arbitrary electron and photon polarizations
and arbitrary recoil of emissive electron.
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2. PHOTONS IN MEDIUM
Let’s consider Maxwell equations in medium,
%%—? =—rotE, divB=0,
%% =rotH —4%], divD = 4np,

where £ and [ are electrical and magnetic field vec-

tors, D =n?E and B = f are electrical and magnetic
induction vectors. Let’s determine
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For these “new” fields (with “hats”) we may write
“new” Maxwell equations,
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that differ from equations in vacuum only in presence of
“hats” under all the letters. It’s easy to write (1) in 4-
dimensional form, we should only replace usual 4-

vector Xy by 4-vector x, with components
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These equations quantization doesn’t differ from
quantization of electromagnetic field in vacuum. For

A
probability of photon with polarization vector g radia-

A
tion by current ; appears the same formula, as for ra-

diation in vacuum:
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Presence of all “hats” results only in appearance of n
in denominator. Using this simple method we may take
into account influence of medium in arbitrary formula.

3. EMISSION OF A PHOTON
BY AN ELECTRON IN MEDIUM

In the framework of quantum electrodynamics, the
probability of the one-photon process (electron 1 emits
electron 2 and y-quantum) is determined by a matrix
element:

MO =4z (27m)*
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Here e is charge of the electron, e, is the four-vector of
the photon polarizations (we always may get it’s fourth
component equal zero by correspondent gauge trans-
formation), p; and p, are initial and final electron four-
momenta, k is photon four-momentum, £; , E, and w
are electron and photon energies respectively, #; and

o, @)

u, are bispinors, electron wave functions, » is medium
refractive index (from this point we put i=c=1),

[_51:[32—"_];’ E1=E2+CO, kE‘E‘=nw

The probability of the photon with 4-momentum £,
and polarization e, radiation in VCR process with initial
and final electron 4-momenta p;, p, and 4-polarizations
s; , s, may be evaluated in such form:
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Formula for | N |2 was obtained in [3]:
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Braces {abcd} mean ¢,

3.1. THE CASE OF NEGLIGIBLE ELECTRON

RECOIL
Neglecting electron recoil we obtain E, =E| =E
and p, = p; = p. Taking into account this, for matrix
element we obtain:
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From Dirac equation:
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Here and later 6 is angle between initial electron and
photon momentum. Vector of photon polarization may
lie in the plane of electron and photon momenta or may
be perpendicular to this plane. In last case matrix ele-
ment equals zero.

For matrix element squared we have a formula:
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And probability of electron emission in time unit:
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From this result it is easy to obtain standard formu-
laec for VCR: if initial electron isn’t polarized and we
don’t interest in polarization of final electron, s; equals

zero and result doubles.

3.2. AWERAGING-OUT AND SUMMING
OVER ELECTRON POLARIZATIONS

If we don’t neglect electron recoil, formulae become

2
IN|
electron polarizations in case of non-polarized initial
electron equals

a little more complicated. summed over final

IN P = -2(c%e)(m? +(pypa))
+2[(p1e" ) pre) + (pre )(pre)].

For vector of photon polarization lying in the plane
of emission and perpendicular to it:

|N P = =2(m% + (p1p2)) + 4(518)(5€)
=-2(m* +(pypy)) +4pi sin® 0,

NP ==2(m* + (pp2)),

and summed over photon polarizations:

<|N|* >=4p? sin? 0+20%(n* -1).

Finally for integrated on azimuth angle, averaged
and summed over all the polarizations probability of
photon emission with relativistic quantum corrections,



dw() = e2[vsin? 0+2-2° Jdtdo
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3.3. POLARIZATION EFFECTS
FOR ELECTRONS WITH DEFINITE HELICITY

Earlier we didn’t concretize explicit form of 4-
vectors s; and s, . In this section we will consider ini-

tial and final electrons with definite helicity, and it
means that electron spin projections on the motion di-
rection are equal 4;/2 and 4, /2, 1i.e.

Photon polarization is arbitrary and described by
Stokes parameters E; &1, ¢, describe linear and &3

circular polarization [4].
Matrix element squared in this case
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In case of completely polarized initial and final elec-
trons |4 |9 4, |=1 and 532 +§22 =1, i.e. photon, as it
should be, also completely polarized.

Let’s discuss come special cases. In experiment,
when final electron polarization isn’t registered, the
observed phenomena are defined by matrix element
squared and summed on final electron polarizations:
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These formulae show, that linear polarization of photon
doesn’t depend on initial electron polarization and it is
defined by expression (there symbols from [3] are
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Circular polarization may appear only in the case of
polarized initial electron:
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In case with no polarized initial electron (4, =0)

and unknown final electron polarization we obtain re-
sult, identical to one from [3]:
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If a completely polarized electron stops (|/11|:1),

then & =0 and &, =4, i.e. photon is completely po-
larized and its’ helicity has the same direction as initial
electron (this is the law of angular momentum conserva-
tion: 1/2=%1/2+1, spin turns over.

In high energy limit, when electron mass is ne-
glected, polarization phenomena also become simpler:
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So, in ultrarelativistic limit electron helicity con-
serves.

4. RELATION BETWEEN VECTORS
OF POLARISATION OF FINAL
AND INITIAL ELECTRONS IN CASE
OF COMPLETELY POLARIZED PHOTON

General formula for the case of linear polarization is

(S2 ),U = (Sl )y
. (ksp)[2(pre)e, —k, 1-2(es))(pr1k)e, +(pre)k,] (7)
(p1h)+2(pre)?

One can examine that s% = slz .
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It is evident if 512 =1. In this case completely polar-
ized electron after radiation of completely polarized
photon stays completely polarized. However if s12 <1,

the conservation of polarization extent after emission of
completely linear polarized photon is not trivial. It fol-
lows from simplicity of matrix element, distinctive for
VCR.

Relation (7) is much more complicated in case of
completely elliptical polarized photon (in this case 4-
vector of photon polarization is complex):
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x[(p1k) +2(p1e ) p1)] + (ksDI(p1e ey, + (pre)ey,
—ky 1+ (ksl(pre e, +(pre)ey, =k, 1-(pik)
x[(e"s)e, +(es))e, 1= [(pre ) sie) + (pre)(sie )k, }
<[(p1k) +2(p1e”)(pre) — mie"eks 117

We see that new effect appears: nonpolarized electron
may become polarized. Indeed, in case s; =0, we ob-

tain
—mie*eky} - ﬁ {e*ekp1}(p2)u
(p1k) +2(pre*)(pie)

Cumbersome evaluations give us comparatively
simple formula that relates polarization extent of final
and initial electron:
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Assuming s; =0 we have
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In (10) (e*e) =1 is put for symmetry of expressions

(10)

in denominator. For linear polarized photon 4-vector e

isreal, e =e and s22 =0. In case of circular polariza-

tion e2 =0 , and final electron turns out to be polarized,
for (pje) =0 to be completely polarized.

5. CONCLUSIONS

In this article we considered all possible correlations
between polarizations of initial and final electron and
emitted photon in VCR. For experimental observation
of these mentioned polarizations and correlations is
rather difficult, even in case of classical VCR [1]. Ques-
tions of experimental studying of VCR polarization
quantum effects were left beyond this work.
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MOJSIPU3AIIMOHHBIE CBOMCTBA U3JIYYEHUS BABUJIOBA-YEPEHKOBA
I'.H. A¢anacves, M.B. /Tro6uenxo, F0.1I1. Cmenanosckuii

PaccMmoTpensl nmosisipu3zalilMoOHHbIE CBOMCTBA M3iyueHus BaBunoBa-UepeHkoBa. B pamkax KBaHTOBOM 3JIEKTpO-
JUHAMUKN ¢ YIETOM BCEX MOJIIPU3AINA pacCulTaHa BEPOSTHOCTh OJHO(GOTOHHOTO Tporecca. Halimeno cooTHome-
HHUE MEX]y MOJIAPU3ALUIMHI Ha4aIbHOTO U KOHEYHOT'O 3JICKTPOHA.

MOJIAPA3AIIIAHI BJACTUBOCTI BUTTPOMIHIOBAHHS BABIJIOBA-UEPEHKOBA

I'.H. Agpanacves, M.B. Jltoouenxo, 10.11. Cmenanoscokuii

PosrnsHyTi monspu3amniiHi BIaCTHBOCTI BUIIPOMiHIOBaHHS BaginoBa-UepeHkoBa. Y Mexax KBaHTOBOI €JIEKTPO-
JMHAMIKH 3 ypaxyBaHHSIM BCIX MOJsipU3alliidi po3paxoBaHa HMOBIpHICT 0AHO(OTOHHOTO mpoliecy. 3HalAeHe CITiB-
BIJJTHOILICHHS MIX ITOJISIPU3ALiIMH [TOYaTKOBOTO 1 KIHIIEBOTO €JIEKTPOHA.
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