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Through the six-dimensional description of polarized spin 'z particles we obtain some formulae representing
general properties of polarization phenomena. The obtained relations between polarizations are used for considera-
tion of electron scattering in coulomb field in second Born approximation.
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1. INTRODUCTION

The physical theories with extra dimensions are very
popular now [1]. Usually extra space dimensions con-
sidered to be of the size of Planck length and are com-
pactified. But some recent theories stem from the idea
that extra dimensions could after all be much larger
without violating any established fact [2]. Higher di-
mensional space-time theories pretend on fundamental
modification of the laws of nature and our view of a
four dimensional universe. Our aim is much more mod-
est. We shall show that a six-dimensional and a five-
dimensional generalization of Dirac equation can be
useful for consideration and calculation of probabilities
of scattering processes with polarized spin ' particles.

2. FOUR-DIMENSIONAL DESCRIPTION
OF SPIN %2 POLARIZED PARTICLE

Let us consider a spin % polarized particle with defi-
nite  4-momentum p and wave  function
y(x) =u(p)exp(ipx). The bispinor u(p) satisfies Dirac
equation

(ipu')(H +m)u=0. €8

Generally the state of polarization of such particle is
described by some 4-pseudovector s, pseudoscalar o
and by following equations [3]:

(l_iYSSuyu +Gy5)u=0, 2)
pz+m2 =0,52+0'2 =l,(sp)—0'm=0.

Usually in these equations o is supposed to be zero,
but there are some reasons, in particular good high en-
ergy limit, to introduce nonzero .

Using (1-2) we can obtain the following expression
for the density matrix of the particle

u,u® _{(m_lpu“/u)(”i%suyu +675)T
o - 2 .

o

3)

Expressions (2-3) are invariant under transforma-
tions

s—>s'=s—ap, c > c'+om. @)

If the particle is not massless owing (4) we can make
o =0 and describe state of particle polarization only by

4-vector § [4]. But for a masssless particle the using of
helicity o is necessary.

3. SIX-DIMENSIONAL DESCRIPTION
OF SPIN %2 POLARIZED PARTICLE

The six-dimensional structure of 4x4 Dirac matrices
algebra is well known [5-8]. Let us introduce six matri-
ces

(@, P =—(@, )P, 4=123456,

(@, P =(Cciysy, PP n=1234, )
(@5 =(ClysfP, (@6)P = iC1)B,

where y,, are Dirac matrices, Y5 = Y7 Y2 ¥3 Y4, C is the
charge conjugation matrix. Matrices (d) A)aﬁ are 6-

vectors, that is being transformed as 6-vectors under
transformations of SO(6,C)-group and as 4-spinors un-
der SL(4,C) they are remaining invariant,

Lap(@p)P (A1 f (A1) = (@, . ©)

For infinitesimal

Lyp =045 +A® 5, Aoy p=-A0py, (7

i
A:[+52ABA(DAB, ZAB:_ZBA' (8)

We may express 15 infinitesimal operators in terms of
the Dirac y-matrices,

1 1
Ty =25 ==V Zep =26 =5 V5Vks
2 2i )
1 YpYV_YVYp
Ssg =—Tgs =—Ys5, Dy =B
56 65 2Y5 uv 4i
The ¥ ,5 satisfy the relations
S BE D = (5 408 D —D 4pd ) — ¢ >
4B%cp =, (040D ~04pOBC) =, € ABCDEF EF(IO)

i
+5(6ACZBD =8 4pZBc +88pZ 4c —d.4cZBD)>
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where €4pcpgr 1s unit completely antisymmetric symbol,
€123456 = 1. The relations (10) represent the Dirac matri-
ces algebra in six-dimensional form.

Now the equations (2) can be written in the six-
dimensional form

PA((DA)(XBUﬁ 20;

Sy(@ P ug =0; (1)

P?=0,5%=0,(sP)=0.

Expressions (11) are invariant under transformations

S8 =8+aP. (12)

6-vectors P4 and S, have the following components:
(Pl:PZaP&iPOamaO)a (S1:S2:S37iS07_67i)‘

The next step we may make it is to consider the real
pseudo-Euclidean six-dimensional space. It is necessary
in order to introduce the self-adjoint bilinear forms to
construct the matrix elements for calculations of the
quantum-mechanical transition probabilities.

The local isomorphism between groups SO(6),
SO(5,1), SO@,2), SO@3,3) and the groups SU(4),
SU*(4), SU(2.,2), SL(4,R) were discovered by E. Cartan
in 1914 [9] and are known to mathematicians as the
constituent of Cartan List [10]. The groups SO(4,2),
SO(5,1) are of interest of our purpose.

Let us consider at first real pseudo-Euclidean six-
dimensional space with metrics signature (+ + + — — +)
and introduce analogue of Dirac conjugate bispinor

(@) = G@ivs)* =iy ays)® .
from (11) the equations

Then we can obtain

7P S,(@ )5, =0
Ba

and write the expression (3) for the density matrix in
such form

_iPA((DA )(xy SB ((DB)YB
2
The matrices (CI) A)Otl3 in (13) and (14) are the follow-

ing matrices
(@), =lirsryC)yon=1234
(@5)yp = 5C)g> (P6)yp = (-iC)yp-

The relation (14) permits substantially simplify the cal-
culation of quadric forms of bilinear combinations of
bispinors presented in [11].

One can verify the validity of the following simple
relations (if we put the restrictions on matrix C —

detC=1,8%1 (C)op (C)ys =~ 8):

uaﬂB =

= PySpZ 45.(14)

(15)

Eapys (P ) (@p)"° =83 4p;

e (D)o (©)y5 =85 455
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Eapys (@ )7 ==2(® 1)gp

e (@ )),5 = -2(® (16)

(P ap (P )5 =28apy5
(@) (@) =297
(@ )ap (@)1 =-2(845F 388 ).

The considering of real pseudo-Euclidean six-
dimensional space with metrics signature (+ + + — + +)
and using last relation from (16) permits easily to obtain
the useful formulae [11] which allow expressing an
arbitrary bilinear combination of bispinors describing
particles with definite 4-momenta in the next form:

M =15 (fy, A, —iBys +C)uy, (17)
where 4,, B and C are components of some 6-vector

(4, A3, 43, idy, C,B).

4. FIVE-DIMENSIONAL DESCRIPTION
OF SPIN %2 POLARIZED PARTICLE

Five-dimensional theories ascending to T. Kaluza
and O. Klein after many years of disregarding are popu-
lar now again. Five-dimensional description of spin 2
polarized particle is similar to six-dimensional one of
previous section and is simple and useful.

Let us introduce five matrices (Fa )5 ,a=1,2345,

(Fu)ﬁ =(iY5Yu)£,(F5)5 =(rs)b. (18)
Now we can write the relations (2-4) in the form
(Pyu=0,(1-(S)u=0;
P2 =0,8%=1,(SP)=0;
- _(i<P><1—<S>)]ﬁ. a9)
u u’ = ———"-1| ;
2
o
S—>8'=5-ab,

where P and S are the following 5-vectors with compo-
nents (p1> P25 P3-ipo,m), (51,52, 53,i50,—0 )
(P)=P,T4.,(S)=58,I,.

From relations (13) we have

i#(P)=0,7(1+(S)) =0. (20)
Using the relation following from (16),
T8 T} -DF (13 Q1)

=~ [T} T ~(DEMDF,
we can express an arbitrary bilinear combination of
bispinors describing particles with definite 5-momenta
in the next form:

N y
(1 Quy) = (PR) [4 Sp((P)O( P ))(ipuy )

_ % Sp((P)O( P )T )T quy)],

where Q is arbitrary 4x4 matrix. Thus we can consider
the following form of the matrix element of arbitrary
form (in according to (18))

(22)



M =, (i( 4)+ B)uy
=-p GY n (23)

AH + A5 —iBy5>u1.

The addition of the 5-vector P> or P; to S-vector A
does not change the matrix element (23). Without loss

of generality we can put
(APy) = (4P) =0. (24)

The calculation of the square of matrix element ab-
solute value (22) gives

| M |2=—((4*4)+ B*B)(P>R)

25

+(RS))+(TS2)*+ Ly S241h- 23)
where

Ra = _i(B*Aa - BAZ )(Pzpl) (26)

+{aP, bLA* A},

Ta :i(B*Aa _BAZ)(P2P1) (27)

+ {aPzPlA*A},

Lyp =((A*A)-B*B)

x[PogBp + Pop Py — (PR )3 4p ] 28)

+(AgAp + Ap A )P R)

_iB{abPy P, A*} —iB* {abPy B, A},

{abede} =€ ypege- (29)

5. FIVE-DIMENSIONAL RELATIONS
BETWEEN POLARIZATIONS OF SPIN
POLARIZED PARTICLES

From (25) we easily obtain the following relations
between polarizations of spin % polarized particles:

Sr4(S :M, 30
24(S1) L+ (S)) (30)
where
P , 31)
((4*A)+ B*B)(PR)
R
= a , 32
/ (A" A+ B*B)(PR) 42
Lp= Lab . (33)
(A" A)+ B*B)(P )

We can obtain from (30-33) the following simple rela-
tion

L=SF (42 +B2)P
[1+(fSDI* [(4*4)+ B*BJ?

1-52(8)) = (34)

We see from (34) that, if S;” = 1, then S;’ = 1 also
(completely polarized particle remains completely po-
larized as it must be). If § = 0, then

_ (42 +BH)?

2 —
SO mBE

(35)
It follows from (35) that, if initial particle is not polar-
ized, appearance of final particle polarization take place

only if A and B take complex values.
Using (35) we can rewrite (34) in the form

1-52

1-53(S0 = [+ (/S

(1-53(0)). (36)

6. APPLICATION TO THE ELECTRON
SCATTERING IN COULOMB FIELD
For the electron scattering in coulomb field the
pseudoscalar B=0 and formulae we obtained are simpli-

fying. In the first Born approximation all quantities 4,
are real and we have

824 (81) = 1pS1p5 (37)
(AR) 42

We can easily verify that /,./,.=d,, so (37) gives 5-
rotation (5-Lorentz transformation) of 5-vector of po-
larization.

The quantities 4, become complex-valued in the sec-
ond Born approximation (complex-valuedness arising
due to radiative corrections gives negligible contribution
to polarization phenomena). In the second Born approxi-
mation we obtain for nonzero components e, and £,

é=f=ta@) 7=122P,
|[p2p1]]
[[ 2 sin”—
A@©) = 220 V1V e
1-V?sin® = cos—  sin—
2 2 2

V is the velocity of the electron, 6 is the angle of scatter-
ing. The value 4(6) is well known Mott result [4]. From
(36) we obtain

1-82

_ Q2 S SR
RO e P

(1-A%@©)). (40)

DISCUSSION

We demonstrated that Dirac equation and polariza-
tion description of spin %2 particle have simple six-
dimensional and five-dimensional generalizations and
used them for obtaining the relations (30) and (34) be-
tween polarizations of the particle. It would be very
hard to obtain these relations using usual four-
dimensional calculations. As an application of these
results we considered polarization phenomena for the
electron scattering in coulomb field in second Born ap-
proximation and obtained some new relations (40).

In the summary we would like to tell some sad story
about one unexpected profit once obtained from investi-
gations of extra dimensions.

One of pioneers of higher dimension theories was
Yu.B. Rumer [12]. His first paper on fifth-dimension
theory he published in 1931 [13]. Fifth-dimensional
generalization of general relativity was very popular at
that time. A. Einstein himself published the papers on
this subject. Yu.B. Rumer met with A. Einstein and talk
with him [14]. But Einstein did not become interested in
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Rumer’s work. In 1938 Yu.B. Rumer was arrested as a
member of anti-soviet organization ‘“created” by
L.D. Landau. After ten years of imprisonment
Yu.B. Rumer was exiled on five years in Yeniseisk.
From Yeniseisk he sent his papers on fifth-dimensional
relativity (5-optics) to the editors of ZhETF. “Poor Ru-
mochka is going crazy!” — said L.D. Landau about these
papers [14]. But papers were published and this publica-
tion helped Rumer’s friends to liberate Yu.B. Rumer
from exile on two and half years ahead of time.

Yu.B. Rumer was the first who proposed the com-
pactification of fifth coordinate, identified it with the
action and identified its period of change with Plank
constant. Due to this identification the possibility has
arisen to quantize electric charge and to consider the
gauge transformations as transformations of fifth coor-
dinate. Yu.B. Rumer published ten papers on 5-optics in
ZhETF and one book [15]. But at that time it was al-
ready very unpopular subject and Yu.B. Rumer said
himself “wieder nichts” (“never more”) and given an
undertaking to publish nothing again on fifth-
dimensional relativity [14].
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O LIECTUMEPHOM YPABHEHHUU JUPAKA U HEKOTOPbBIX COOTHOIEHUAX
MEXKAY INOJAPU3AINUAMU YACTHUILIBI CO CIIMHOM Y2

M. B. JItoouenxo, FO.I1. Cmenanosckuii

C noMOIIbI0 IIECTUMEPHOTO ONMHCAHMS MOJIIPU30BAHHOM YaCTUIIBI CO CIIMHOM Y2 OBUIM MOJy4YeHBI (OPMYJIbI,
MIPEJCTABISAIONINE OCHOBHBIE CBOMCTBA MOJSPU3ALUOHHBIX siBIeHUH. [lonydyeHHbIe COOTHOIIEHMS MEXAY HOJSpU-
3aIMsIMA MCIIONIb30BAHbI JUI PACCMOTPEHHUS PACCESHHS JIEKTPOHA B KyJIOHOBCKOM IIOJIE BO BTOPOM OOPHOBCKOM

MIPUOIKCHUH.

PO IIOCTUBUMIPHE PIBHAHHS ATPAKA I JEAKI CHIBBI/IHOINEHHSA
MIK HOJAPU3ALIAMU YACTHUHKU 31 CIIIHOM 4

M.B. JTio6uenxo, 10.I1. Cmenanogécokuii

3a 10MOMOT0I0 IIECTUBUMIPHOTO MPEACTABICHHS MOJSIPH30BAHOT YaCTHHKH 31 CIIMHOM Y2 Oynm ozmepxani ¢op-
MyJTH, 10 TPEACTABIIAIOTH OCHOBHI BIIACTHUBOCTI MOJIsIpH3aminHuX SBUII. OnepKaHi CHiBBIAHOMEHHS MK HOJSpHU-
3alisIMM BUKOPHCTaHI JUIsl PO3IJISLy PO3CISIHHS €JIEKTPOHA B KYJIOHIBCHKOMY TIOJIi B IpyroMy OOpPHOBCHKOMY Ha-

OJIMDKEHH].
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