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For calculation of the single-channel nucleon-nucleon scattering a phase-functions method has been proposed. Using

a phase-functions method the following phase shifts of np− scattering numerically for 1S0−,
1P1−,

3P0−,
3P1−,

1D2−,
3D2−,

1F3−,
3F3−,

1G4−,
3G4− states are calculated. The calculations has been performed using realistic nucleon-

nucleon Reid68 and Reid93 potentials. Obtained phase shifts for energy up to 350 MeV are in good agreement with

the results obtained in the framework of other methods. Using the obtained phase shifts we have calculated the full

cross-section np-scattering.

PACS: 21.45.Bc, 13.75.Cs

1. INTRODUCTION

Based on the experimentally observed values of the
scattering cross-section and energies of transitions we
get information about the scattering phases and am-
plitudes in the first place, than about the wave func-
tions, which are the main object of the research in
a standard approach. In other words, not the very
wave functions are being observed in the experiment,
but their changes caused by the interaction [1, 2]. It
is therefore of interest to obtain and use the equations
directly connecting the phases and scattering ampli-
tudes with the potential without finding the wave
functions.

The precise solution of the scattering problem
aiming at calculation of the scattering phase is possi-
ble only for individual phenomenological potentials.
When realistic potentials are used, the phases of scat-
tering are roughly calculated. This is due to the use
of physical approximations or numerical calculation.

In the last 10 years has increased the interest in
nucleon-nucleon scattering in the framework of chi-
ral perturbation theory [3, 4], a coherent theoretical-
field approach [5], for partial wave analysis below the
threshold for formation of the pion [6]. Also phase of
scattering get through supersymmetry and factoriza-
tion [7], through N/D-method for calculation of par-
tial waves for elastic NN -scattering [8] or renormal-
isation NN -interaction potential for the chiral two-
pion exchange [9].

The methods of solving the Schrödinger equa-
tion with the aim of obtaining the scattering phases
include: the method of successive approximations,
the Born approximation, the phase-functions method
(PFM), and others. PFM appeared convenient for

solving many tasks of atomic and nuclear physics.

When applied to problems of nucleon-nucleon
scattering the main and foremost advantage of PFM
is such that PFM allows to obtain the scattering
phase, without finding the wave functions as solu-
tions of the Schrödinger equation. Due to a phase
equation there is a direct relationship between the
scattering phase shift and the interaction potential.

This paper deals with the calculation of the phase
shifts of np-scattering in the relevant spin configu-
rations for the realistic phenomenological nucleon-
nucleon potentials Reid68 [10] and Reid93 [11] by
using PFM.

2. THE PHASE-FUNCTIONS METHOD

PFM is a special method to solve the radial
Schrödinger equation

u
′′

l (r) +

(
k2 − l(l + 1)

r2
− U(r)

)
ul(r) , (1)

which is a second order linear differential equation.
In the formula (1) the value U(r) = 2m

h2 V (r) – is the
renormalized interaction potential, m – the reduced
mass. PFM it is quite convenient for obtaining scat-
tering phases, because this method does not require
calculating radial wave functions of scattering prob-
lem in a wide range firstly and then finding these
phases by their asymptotics.

The standard method of calculating the scatter-
ing phases is a solution of the Schrödinger equa-
tion (1) with the asymptotic boundary condition.
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PFM is the transition from Schrödinger equation to
the equation for the phase function. For that pur-
pose one should change [1,2]:

ul(r)−Al(r) [cos δl(r) · jl(kr)− sin δl(r) · nl(kr)] .
(2)

The two new introduced functions δl(r) and Al(r)
are the corresponding scattering phases and normal-
ization constants (amplitudes) of wave functions for
scattering on a determined sequence of truncated po-
tentials. δl(r) and Al(r) are called a phase and an
amplitude function according to their physical con-
tent. The term ”phase function” was first used in
the paper by Morse and Allis [12]. Equation for phase
function with the initial conditions are:

δ
′
l (r) =

1

k
U(r) [cos δl(r) · jl(kr)− sin δl(r) · nl(kr)]

2 ,

δl(0) = 0 . (3)

The phase equation was obtained for the first time
by Drukarev, and then independently in the works of
Bergmann, Calogero and Zemach. A special case of the
phase equation (3) at l=0 has been used by Morse and
Allis at examination of problem of S-scattering of slow
electrons on atoms [12].

3. CALCULATIONS OF PHASE SHIFTS AND
DISCUSSION OF RESULTS

By the phase-functions method it has been numerically
obtained the phase shifts of np- scattering for 1S0−,
1P1−,

3P0−,
3P1−,

1D2−,
3D2−,

1F3−,
3F3−,

1G4−,
3G4−-states. The masses of nucleons have been cho-
sen as: Mp=938.27231 MeV; Mn=939.56563 MeV. The
Runge-Kutta method of the fourth order [13] was cho-
sen as the numerical method of solving the phase equa-
tion (3). Program code for numerical calculations was
written in the programming language FORTRAN. The
phase shifts were obtained with a precision of 0.01 for
optimized selection steps for numerical calculations.
The phase shifts were at an output of the phase func-
tion δl(r) on an asymptotics at r > 25 fm. The val-
ues of phase shifts are shown in Figs.1-3. The phase
shifts are specified in degrees. The numerical calcu-
lations have been carried out for Reid68 and Reid93
potentials. The interval of energies was 1...3000 MeV.

Fig.1. Phase shifts of np-scattering for Reid68 potential

Fig.2. Phase shifts of np-scattering for Reid93 potential

Fig.3. Phase shifts of np-scattering for Reid93 potential

For the energy range 1...350 MeV there is good agree-
ment between the phase shifts, obtained on the basis of
PFM (outcomes of the given paper) and data’s in other
papers [10, 11]). The discrepancy between the outcomes
makes no more than two percent. It should be noted
that in the last 15 years has increased the interest for
finding phase shifts at high energies. Unfortunately, in
the literature considerably less than the existing calcu-
lated phase shifts at high energies for the Reid poten-
tials. But for other potential models are the phase shifts
in a wide energy region. So the phase shifts calculated
up to 1000 MeV for the nucleon-nucleon models Av18,
CD-Bonn and N3LO [14], as well as for Arndt, OBEP,
Bonn, Nijm-3 and Paris [15]. In [16] shows the results
of calculations of the phase shifts up to 1.6 GeV for
the potentials of the inversion based on SM94, OSBEP,
Av18 and Bonn-B. In addition, according to [17] poten-
tials Nijm-1, Nijm-2, Av18 and the quantum inversion
Gelfand-Levitan-Marchenko were expanded as NN opti-
cal models. And took into account the analysis of phase
shifts by Arndt et al. (SP00, FA00, WI00) from 300 MeV
to 3 GeV. In [18] the available phase shifts only up to
1000 MeV for 1F3- state for Nijm-1, Nijm-2, Reid93, Av18
and Bonn potentials, which were extrapolated for high
energies.

Besides the results mentioned in the papers, the avail-
able phase shifts obtained up to 3 GeV for the relativistic
optical model based on the Moscow potential [19] and
MYQ2, MYQ3, MY2, SP07 and Graz II potentials [20],
and up to 1.2...3.0 GeV for Dirac potential [21] and up to
1.2 GeV for the inversion potential and the Paris poten-
tial [22].

The difference between the obtained phase shifts 1F3-
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state by PFM and to the data in [18] for the Reid93 poten-
tial is not more than 5 percent. Eventually the calculated
phase shifts for a particular spin configuration at high en-
ergies (more 350 MeV) for Reid68 and Reid93 potentials
differ in most cases.

If we compare obtained the phase shifts at high en-
ergies for Reid potentials by PFM with the data for the
other potential models, then obvious difference between
them. Of course, this is due to the particular structure of
the nucleon-nucleon potentials.

Despite the obvious improvement in the description of
the data at energies below 400 MeV, the theoretical cal-
culations so far show some significant systematic short-
comings [22]. In particular, it remains unclear the diver-
gence of the spin observed at momentum transfer below
1 fm−1. The derivation of such discrepancies with the
data could be attributed to the phenomenological limi-
tations of ”bare” nucleon-nucleon potential, especially at
higher energies, as well as simplifications in the model
for the NN effective interaction or to the fact that the
optical model potential has been developed only to the
lowest order. Above 350...400 MeV differences between
the potentials of NN-interaction become more obvious.
At energies more than 400 MeV the NN-potentials have
applications. Therefore, the evaluation of the theory re-
quires a more precise description of the ”bare” interaction
between two nucleons.

Along with the phase shifts in the problems of scat-
tering one should deal with the scattering amplitudes,
S-matrix elements and a number of other parameters.
Based on the known phases of scattering one can ob-
tain the complete amplitude, the full cross-section and
the partial scattering amplitude accordingly [1]

F (θ) =
1

k

n∑
l=0

(2l + 1) sin δlPl(cos θ) , (4)

σ =
4π

k

n∑
l=0

(2l + 1) sin2 δl , (5)

fl =
1

k
eiδl sin δl , (6)

where Pl(cos θ) – Legendre polynomials , θ – polar angle.
In paper [23] specified the full cross-section scattering,
calculated with the phase shifts at energies 1...350 MeV
for potentials Nijmegen group (including for Reid93) and
Av18 potential. Using the phase shifts at energies up to
350 MeV, the calculated results for the Wolfenstein pa-
rameters as a function of angle C.m. and ELAB are given
in [24] for PWA and Av18, as in [25] for Reid93 and Ni-
jmII.

The calculation results of the full cross-section of np-
scattering (5) are presented in Figs.4 and 5. In Figs.4
and 5 the value σl is the total cross-section, which calcu-
lated through the phase shifts with orbital moment’s l.

Fig.4. Full cross-section of np-scattering for Reid68
potential

Fig.5. Full cross-section of np-scattering for Reid93
potential

4. CONCLUSIONS

1. The phase-functions method has been used for the
first time to calculate np phase shifts for the relevant spin
configurations in the interval of energies from 1 MeV to
3 GeV for nucleon-nucleon Reid68 and Reid93 potentials.

2. Numerically obtained phase shifts well agree with
the Available results of other papers [6, 7] for the same
potentials (the deviation makes no more than five per-
cent).

3. The full cross-section has been calculated using the
obtained phase shifts on PFM. This work performed un-
der the grant of the Ministry of Education and Science of
Ukraine on the theme of research work of state registra-
tion number 0115U001098.
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ÐÀÑ×ÅÒ ÔÀÇ np-ÐÀÑÑÅßÍÈß Ê Tlab=3 ÃýÂ ÄËß ÏÎÒÅÍÖÈÀËÎÂ Reid68 È Reid93
ÏÎ ÌÅÒÎÄÓ ÔÀÇÎÂÛÕ ÔÓÍÊÖÈÉ

Â.È.Æàáà

Äëÿ ðàñ÷ëòà ôàç îäíîêàíàëüíîãî íóêëîí-íóêëîííîãî ðàññåÿíèÿ ðàññìîòðåí èçâåñòíûé ìåòîä ôàçîâûõ ôóíê-

öèé. Ñ ïîìîùüþ ìåòîäà ôàçîâûõ ôóíêöèé ÷èñëåííî ïîëó÷åíû ôàçîâûå ñäâèãè np-ðàññåÿíèÿ äëÿ 1S0−,
1P1−,

3P0−,
3P1−,

1D2−,
3D2−,

1F3−,
3F3−,

1G4−,
3G4− ñîñòîÿíèé. Ðàñ÷ëòû ïðîâåäåíû äëÿ ðåàëèñòè÷åñêèõ íóêëîí-

íóêëîííûõ ïîòåíöèàëîâ Reid68 è Reid93. ×èñëåííî ðàññ÷èòàíûå ôàçîâûå ñäâèãè äëÿ ýíåðãèé äî 350ÌýÂ õî-

ðîøî ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè, ïîëó÷åííûìè äðóãèìè ìåòîäàìè. Ïî ðàññ÷èòàííûì ôàçîâûì ñäâèãàì âû-

÷èñëåíî ïîëíîå ñå÷åíèå np-ðàññåÿíèÿ.

ÐÎÇÐÀÕÓÍÎÊ ÔÀÇ np-ÐÎÇÑIßÍÍß ÄÎ Tlab=3 ÃåÂ ÄËß ÏÎÒÅÍÖIÀËIÂ Reid68 I Reid93 ÇÀ
ÌÅÒÎÄÎÌ ÔÀÇÎÂÈÕ ÔÓÍÊÖIÉ

Â. I.Æàáà

Äëÿ îáðàõóíêó ôàç îäíîêàíàëüíîãî íóêëîí-íóêëîííîãî ðîçñiÿííÿ ðîçãëÿíóòî âiäîìèé ìåòîä ôàçîâèõ ôóíêöié.

Çà äîïîìîãîþ ìåòîäó ôàçîâèõ ôóíêöié ÷èñåëüíî îòðèìàíî ôàçîâi çñóâè np-ðîçñiÿííÿ äëÿ 1S0−,
1P1−,

3P0−,
3P1−,

1D2−,
3D2−,

1F3−,
3F3−,

1G4−,
3G4− ñòàíiâ. Ðîçðàõóíêè ïðîâåäåíî äëÿ ðåàëiñòè÷íèõ íóêëîí-íóêëîííèõ

ïîòåíöiàëiâ Reid68 i Reid93. ×èñåëüíî ðîçðàõîâàíi ôàçîâi çñóâè äëÿ åíåðãié äî 350ÌåÂ äîáðå óçãîäæóþòüñÿ

ç ðåçóëüòàòàìè, îòðèìàíèìè iíøèìè ìåòîäàìè. Ïî ðîçðàõîâàíèì ôàçîâèì çñóâàì îá÷èñëåíî ïîâíèé ïåðåðiç

np-ðîçñiÿííÿ.

32


