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QED cascading in a rotating electric field is studied. The cascade growth rate is derived from kinetic equations
for electron-positron pairs and photons as a function of the field strength. The rate is in an agreement with the results

of numerical simulations of QED cascade.
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INTRODUCTION

Strong field quantum electrodynamics (QED) at-
tracts much attention nowadays due to development of
laser technologies giving an opportunity to reach elec-
tromagnetic  fields  with intensities  exceeding
1=10% W/cm? in the laboratory conditions [1, 2]. One of
the intriguing phenomenon combining QED and classi-
cal plasma physics effects is a QED cascade in strong
laser field [3 - 6]. QED cascades are based on two quan-
tum processes — high-energy photon emission by elec-
tron and photon decay with electron-positron pair (e+e-)
creation. Both these processes are possible in the pres-
ence of external electromagnetic field only and become
essential with the intensities over 10°W/cm?. The se-
quence of such processes may lead to an avalanche-like
production of an electron-positron plasma. Numerical
simulations predict that the QED cascade can develop in
the field of counter-propagating 10 PW laser pulses that
can be generated in upcoming laser facilities like ELI,
Apollon etc [7, 8].

The rotating electric field is one of the simplest field
configurations which may provide QED cascading.
Such field configuration corresponds to the magnetic
node of the circularly polarized standing wave formed
by two counterpropagating circularly polarized laser
pulses. The phenomenological formula for the cascade
growth rate in the rotating electric field has been ob-
tained from numerical simulations [9, 10]. The growth
rate has been also estimated in the limits of weak [11,
12] and strong laser field [5]. In this paper we present
the calculation of the cascade growth rate starting from
the first principles.

1. KINETIC MODEL

Dynamics of QED cascade can be described by the
kinetic equations for electrons, positrons and gamma-
quanta with QED effects [9, 13]
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where f_, fp, fph are the distribution functions of the

electrons, the positrons and the photons, respectively,
which are normalized such that

J fe,p(r' p’t)dpdr = Ne,p,ph (t) ! (3)
where N, N, N, are the numbers of the electrons,
the positrons and the photons, respectively,

F.=E+vxB, 4)
is the Lorentz force of the positron in the electric and
magnetic field, v, is the lepton velocity. In this paper
the energy, &, is normalized to mc?, the momentum,
p, is normalized to mc, the velocity v, is normalized
to c, the field intensity is normalized to mcw/e, time
is normalized to 1/w, and the space coordinates are
normalized to ¢/w, m and e are the positron charge
and mass, @ is the field frequency, c is the speed of
light. W, (p — P ) is the probability in time unit for the
electron with the momentum P to emit a photon and to

transit to the state with the momentum pP-p,
W, (p - ﬁ) is the probability in time unit for the pho-
ton with the momentum P to decay with creation of the
electron with the momentum P and the positron with

the momentum P —P . Here we assume that the photon

emission and the pair production occur in synchrotron
regime, and we neglect the angles about or less than
1/ ¢ Wwhere g is the lepton energy. Egs. (1), (2) are the

complete set of equations which describes evolution of
the distribution functions for QED cascade. The RHS of
Egs. (1), (2) describes photon emission and pair produc-
tion. Namely, the first term in the RHS of Eq. (1) char-
acterizes creation of the lepton with momentum p by

decay of the photons with momenta p'> p, the second

and the third terms respectively describe the increase
and decrease of the number of the electrons with mo-
mentum P due to photon emission. The first term in the

RHS of Eq. (2) characterizes photon decay, and the last
two terms describe emission of new photons by the
electrons and the positrons. The differential probability
rate W, can be expressed through the energy distribu-

tion of the probability rate for photon emission by ultra-
relativistic lepton (&, = P, ) in an electromagnetic field,

W 4 /dey, ,and W, can be expressed through en-

ergy distribution of the probability rate for direct pair
creation by photon dW ;. /dg; [13]:
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where Ai(X) and Ai'(X) are the Airy function and its
derivative, respectively, V is the lepton velocity, N is
the unity vector in the direction of the photon propaga-
tion, &, =eEg /mcw and E; =m’c’/eh is the QED

critical field. The delta-function in Egs. (4) and (5)
demonstrates that the photon is emitted along the lepton
momentum and the pair is created with momentum di-
rected along the photon momentum. There are relations

between W, and W, as well as between W, and

W

(14)

pair - :

Id dW*a"pg Idpw (p—>p) 15

palr _J. de palr p g J. de p—)p) (16)
in accordance with the energy conservation low:
W, ,(p—P) for B> p and
dW, 4 (p,e)/de = deai,(p,g)/dg =0fore>p.

2. ELECTRON AND POSITRON DYNAMICS

It is difficult to solve these equations analytically.
To simplify Eq. (1) we suppose that the lepton dynamics
can be described by the radiation reaction force in the
Landau-Lifshits form with QED corrections [14-16]. In
this case the last two terms in Eq. (1), which are respon-
sible for the energy losses because of the photon emis-
sion, can be described via the radiation reaction force
[13]
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If the pair production is neglected ( fon =0) and ne-
glecting QED corrections ( y, =0) then Eq. (14) is re-
duced to the form

atfep (arfep) ( _VF)(apfep)

et R (18)

&
where F, zygf[(E+VX BY -(v.E)ZJ is the main term of
the radiation reaction force in the Landau-Lifshits form
and = (2/3)(e*/mc?)(w/c). The term in RHS is re-
sponsible for the phase-space contraction [17, 18]. It can
be shown that 0, -(VFy )= 4F, / & in the limit & >>1,

~ f, 0, (VF

e&p-p

where the remaining terms are in 5,2 less than the lead-

ing ones. Indeed, F.z g ? can be rewritten as follows
For 672 =(E+vxB) —(v-EY
=E?+2E-(vxB)+(vxB) —(v-Ef
~(VxEY +(vxB) —2v-(ExB)
The derived expression coincides with the expres-
sion for 47 y'lglflﬁp (VF, ) calculated in Ref. [17, 18].

Kinetic equation Eq. (18) can be solved by method
of characteristics. The solution of the kinetic equation
for the rotating electric field can be presented in the
form

(19)

f,o(rp)=> Slr—r®Plp-p,®)] (20)

where T, (t) and p, (t) are the lepton trajectories in the
rotating field:

E(t) = a6, sinwt +e, coswt ) (21)

This can be verified by substituting Eq. (18) into

Eq. (16) and taking into account the identity
X&' (X) =—6(x) . Summation over the index i means
summation over the initial position of the leptons, r, .

It is shown [14, 16-18] that because of the radiation
friction and pahse-space contraction the lepton trajectro-
ries in the rotating field are attracted to the asymptotic
or stationary trajectory which is given by following
equations

r’ (t) =e,sin(at + p)+e, cos(wt + ). (22)
pZ(t) = & [e, cos(at + )— e, sin(at + o). (@3
The lepton energy, &, is the solution of the equa-
tion [14,16,19]
5,2 + ,uzg,s - ao2 =0. (24)
The equation for electron energy with QED correc-
tions takes a form [16]

& +16°G(y) -8, = (25)
2

=2 (26)
as

where
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is the ratio of the total intensity of photon emission in
QED to that in the classical regime:

G(r)=1(x)/1(x, =0).
3. CASCADE GROWTH RATE

We assume that:
(I) fe,p,ph(rvplt)zexp(rt) fe,p,ph(r'p);

(ii) the momentum distribution of the leptons is nar-
row

X Ai'(x)x  (27)

f,,(r.p)=n, (r)s(-p*);
(iii) the fields and the distribution functions do not
dependon y and z;
(V) n,~n,;
(v) the lepton motion is suppresed in the direction,
which is perpendicular to the plane of the rotation.
According to Eq. (23), p* does not depend on the

initial conditions and depends only on the local strength
of the electromagnetic field. Integrating Eq. (17) over
p a continuity equation for electrons and positrons can

be derived
Fnexp = _[dpdﬁfph (X’ E)Wp(ﬁ g p)

:Idﬁfph(x'ﬁwpair(lph(ﬁ))v
where Ife,p(rap:t)dp=ne,p(r,t) is the electron and

(28)

positron density, respectively, and Eq. (16) is used to
derive RHS of Eq. (28). The equation for the photon
(Eq. (2)) can be rewritten as follows

Ff +Wpair ph:jdﬁ[fe(x!ﬁ)—’_ fp(xvﬁ)]wr(ﬁ_)p)
z
2 IdWradp & (p gp ]dg
p*

where Eqgs. (5)-(14) are used.
Solving Eg. (29) for fph and inserting the expression

(29)

for fph into Eq. (28) the equation for the cascade

growth rate can be derived after integration over p

dW,., (p% ) p
ra W Ll
de pair /‘{ph € pZ ' (30)

pZ
I +Wpair(lph[8 pzj]

The obtained expression is similar to Eqg. (10) in
Ref. [12]. However, in the model proposed in Ref. [12],

the radiation reaction is neglected in calculation of p,,

I'~ ZJ:de

7, and dW_, (p, &)/ de . As a result, T is overesti-
mated for strong laser field (see Fig. 3a in Ref. [12])
when the radiation reaction is essential (&, > 400). In

our model to calculate T the asymptotic trajectory,
which exists due to the radiation reaction effect, is used.

If W, and W,,, are approximated by some mean

values Wpalr

pair

=const and W,_, = const, respectively,
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then Eq. (30) can be reduced to Eq. (20) obtained in
Ref. [20].

As the mean probability for the photon emission is
higher than that for the photon decay during cascading

so that T'>>W (see also Ref.[20]) and Eqg. (30)
can be reduced to the form

reaf 0 Moy (B )

which is similar to Eq. (11) in Ref. [12]] if the radiation
reaction is neglected and agrees with Eqg. (20) in

Ref. [20] for T in the limit W_, >>Wpa|r when W ;.
and W,

W .. =const and W_, = const, respectively. In the

pair

pair

are approximated by some mean values

model proposed in Refs. [5, 20] it is assumed that the
leptons are almost stop after photon emission and ¥, of

all leptons has to be more than 1 for cascading. This
scenario is mostly relevant for extremely strong laser

field a, >10" and the model overestimates the intensi-

ty threshold of cascade developing for a, <10* (see
Fig. 3,a in Ref. [12]). Our model is relevant for moder-
ate intensities 400 < a, <10* when the leptons lose
their energy mainly by small portions En << & and
the classical description of the lepton dynamics with

radiation reaction is good. Moreover, Eg. (31) can be
considered as a convolution of the photon spectrum,

dW,, /dey,, and the pair production probability,

W_ . . This implies that the small portion of the pho-

pair

tons located within the high-energy part of the photon
spectrum can be sufficient to drive QED cascade as

Wpair exponentially decreases with the photon energy.

Further simplification of Eq. (31) can be achieved in
the limit 7, <<1 and s/(1-5)>> 7 where s=¢ /¢

In this limit W__.is reduced to the form [21]

pair
adsy 8

W, ~0.23— = exp| - ,

3th

and the high-energy part of the photon spectrum can be
only taken into account [21]

AW,y By’ 1-s+s’ (_ 25 j (33)
31-9)x

ex
de,, 647’ \fs(l—s) P

X oh can  be

(32)

estimated from Eq. (14):

=a,5¢ /a;.

be reduced to the form:
1/2

I~ CZ'—F A(s) exp[B(s, z,.£)]ds, (34)
&g 0

Xon =3 8 Hence, Eq. (31) can

1-s+5°
=TT (35)
A(s) SR
_ 2s _ 8a3 36
36 0) =gy e
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31/2a2a0

S
It follows from Eq.(36) that B(S)=-o0 and
dr'?/ds=0 for s=0 (&,=0) and s=1

(8ph = &,). In order to estimate the integral in Eq. (34)

C (37)

we can use the saddle point method. The main contribu-
tion to the integral comes from the neighborhood of the

saddle point, S=S,, specified by dB/ds=0. The
solution of the equation dB/ds =0 is s,=7/(1+7),

0<s,<1,where > =4y,a, /(3,¢). Eq. (22) can be
rewritten as follows:

I~ CA(s,) exp[B(sO)]r:exp{ B' 'éSo) (s— sO)Z}dS
o7 (38)
=CA®S), 6l exp[B(s,)]

3T 147 +72 « {_ 2r(2+r):|
2 g (L+7)c'? 27 |

The parameters, 7 and y,, can be calculated from

Egs. (25), (26): 7 = 2(a03,u)’1/8 . Further simplification

of Eq. (38) is difficult as 7 ~ 1.
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The cascade growth rate in the rotating electric field vs
the field strength in the logarithmic scale (a) and in the
linear scale (b). The rate is calculated
numerically (red points) and analytically by Eq. (38)
(black curve)

4. DISCUSSION AND CONCLUSIONS

In order to verify the obtained expressions for the
cascade growth rate in the rotating electric field we per-
form numerical simulations based on Monte-Carlo
method for modelling pair production and photon emis-
sion. The rotating frequency is equal to 2zc/ A, where
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A = 1um. The results of the simulation are presented in
Figure. It is seen from Figure that the analytical results
are in an qualitative agreement with the results of the
numerical simulation. The difference between the ana-
lytical results and the numerical ones at large value of a,
can be caused by the simplification of the lepton distri-
bution function. It is assumed in the analytical model
that the lepton distribution is monoenergetic. However it
follows from the numerical simulation [7] that there is a
large energy spread in the lepton energy spectrum. This
should be taken into account for accurate description of
cascading.
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MHKPEMEHT K3/1-KACKAJIA BO BPAILIAIOHIEMCS QJIEKTPUYECKOM IOJIE
H.IO. Kocmiokos, H.H. Apmemenxo, E.H. Hepyw

HccnenoBaHo pa3BuTHe KBaHTOBO-leKkTpoauHamuueckoro (K3J/[) kackaga Bo BpallaromieMcs 3JIEKTPHUECKOM
none. VI3 KHHeTHYeCKUX ypaBHEHHH VISl 3J€KTPOH-TIO3UTPOHHBIX Map ¥ (JOTOHOB BBIBEJEH MHKPEMEHT POCTa Kac-
KaJa Kak (GyHKIMs HanpspkeHHocTH mojist. [losrydeHHast popMyia coriacyercs ¢ pe3yjabTaTaMy YHCIEHHOTO MOoje-

JUPOBAHUSI.

IHKPEMEHT KEJI-KACKAY B OBEPTAIOUOMY EJIEKTPUYHOMY IOJII
LIO. Kocmiokos, I.1. Apmemenko, €.H. Hepyw

HocmimkeHo po3BUTOK KBaHTOBO-enekTpoauHamigaoro (KEJ[) xackamy B 006epTarouoMy eIeKTpHIHOMY TOi. 3
KiHeTHYHUX PIBHSAHB IJIsI €JIEKTPOH-NO3UTPOHHUX T1ap Ta (GOTOHIB BHUBEACHO iHKPEMEHT 3pPOCTaHHS KacKaly sk ¢y-
HKIis Hanpy>xeHocTi nosst. OTpuMana popmyia 36iraeTbes 3 pe3yabTaTaMy YHCJIOBOIO MOJCTIOBAHHS.
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