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QED cascading in a rotating electric field is studied. The cascade growth rate is derived from kinetic equations 
for electron-positron pairs and photons as a function of the field strength. The rate is in an agreement with the results 
of numerical simulations of QED cascade. 
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INTRODUCTION  
Strong field quantum electrodynamics (QED) at-

tracts much attention nowadays due to development of 
laser technologies giving an opportunity to reach elec-
tromagnetic fields with intensities exceeding 
I=1023 W/cm2 in the laboratory conditions [1, 2]. One of 
the intriguing phenomenon combining QED and classi-
cal plasma physics effects is a QED cascade in strong 
laser field [3 - 6]. QED cascades are based on two quan-
tum processes – high-energy photon emission by elec-
tron and photon decay with electron-positron pair (e+e-) 
creation. Both these processes are possible in the pres-
ence of external electromagnetic field only and become 
essential with the intensities over 1023W/cm2. The se-
quence of such processes may lead to an avalanche-like 
production of an electron-positron plasma. Numerical 
simulations predict that the QED cascade can develop in 
the field of counter-propagating 10 PW laser pulses that 
can be generated in upcoming laser facilities like ELI, 
Apollon etc [7, 8].   

The rotating electric field is one of the simplest field 
configurations which may provide QED cascading. 
Such field configuration corresponds to the magnetic 
node of the circularly polarized standing wave formed 
by two counterpropagating circularly polarized laser 
pulses. The phenomenological formula for the cascade 
growth rate in the rotating electric field has been ob-
tained from numerical simulations [9, 10]. The growth 
rate has been also estimated in the limits of weak [11, 
12] and strong laser field [5]. In this paper we present 
the calculation of the cascade growth rate starting from 
the first principles. 

1. KINETIC MODEL  
Dynamics of QED cascade can be described by the 

kinetic equations for electrons, positrons and gamma-
quanta with QED effects [9, 13]  

 

( )

( ) ( )
( ) ( ) ( )[ ]ppppppprp

ppprp

Fp
rr

−→−−→+

→=

∇+







∇+∂

∫
∫

rrpe

pph

peLpepet

wwtfd

wtfd

fff

,,

,,

,

,,, γ
 (1) 

 

 ( ) ( )

( ) ( )[ ] ( )ppprprp

pppprp
r

→++

→−=







∇+∂

∫

∫

rpe

pphphpht

wtftfd

wdtfff

,,,,

,,
γ  (2) 

where ef , pf , phf  are the distribution functions of the 
electrons, the positrons and the photons, respectively, 
which are normalized such that 

 ( ) )(,, ,,, tNddtf phpepe =∫ rppr , (3) 

where eN , pN , phN  are the numbers of the electrons, 
the positrons and the photons, respectively,  

BvEF ×+=L ,                        (4) 
is the Lorentz force of the positron in the electric and 
magnetic field, v , is the lepton velocity. In this paper 
the energy, ε , is normalized to 2mc , the momentum, 
p , is normalized to mc , the velocity v , is normalized 

to c , the field intensity is normalized to emc /ω , time 
is normalized to ω/1 , and the space coordinates are 
normalized to ω/c , m  and e  are the positron charge 
and mass, ω  is the field frequency, c  is the speed of 
light. ( )pp →rw  is the probability in time unit for the 
electron with the momentum p  to emit a photon and to 
transit to the state with the momentum pp − ,  

( )pp →pw  is the probability in time unit for the pho-
ton with the momentum p  to decay with creation of the 
electron with the momentum p  and the positron with 
the momentum pp − . Here we assume that the photon 
emission and the pair production occur in synchrotron 
regime, and we neglect the angles about or less than 

lε/1  where lε  is the lepton energy. Eqs. (1), (2) are the 
complete set of equations which describes evolution of 
the distribution functions for QED cascade. The RHS of 
Eqs. (1), (2) describes photon emission and pair produc-
tion. Namely, the first term in the RHS of Eq. (1) char-
acterizes creation of the lepton with momentum p  by 
decay of the photons with momenta pp >' , the second 
and the third terms respectively describe the increase 
and decrease of the number of the electrons with mo-
mentum p  due to photon emission. The first term in the 
RHS of Eq. (2) characterizes photon decay, and the last 
two terms describe emission of new photons by the 
electrons and the positrons. The differential probability 
rate rw  can be expressed through the energy distribu-
tion of the probability rate for photon emission by ultra-
relativistic lepton ( ll p≈ε ) in an electromagnetic field, 

phrad ddW ε/ , and rw  can be expressed through en-

ergy distribution of the probability rate for direct pair 
creation by photon lpair ddW ε/  [13]:  
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where )Ai(x  and )(Ai' x  are the Airy function and its 
derivative, respectively, v  is the lepton velocity, n  is 
the unity vector in the direction of the photon propaga-
tion, ωmceEa SS /=  and ecmES /32=  is the QED 
critical field. The delta-function in Eqs. (4) and (5) 
demonstrates that the photon is emitted along the lepton 
momentum and the pair is created with momentum di-
rected along the photon momentum. There are relations 
between rw  and radW  as well as between pw  and 

pairW : 
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іn accordance with the energy conservation low: 
( )pp →prw ,  for pp >  and 

( ) ( ) 0/,/, == εεεε ddWddW pairrad pp  for p>ε . 

2. ELECTRON AND POSITRON DYNAMICS 
It is difficult to solve these equations analytically. 

To simplify Eq. (1) we suppose that the lepton dynamics 
can be described by the radiation reaction force in the 
Landau-Lifshits form with QED corrections [14-16]. In 
this case the last two terms in Eq. (1), which are respon-
sible for the energy losses because of the photon emis-
sion, can be described via the radiation reaction force 
[13]  
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If the pair production is neglected ( 0=phf ) and ne-
glecting QED corrections ( 0=lχ ) then Eq. (14) is re-
duced to the form 
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where ( ) ( )[ ]222 EvBvE ⋅−×+≈ lRF µε  is the main term of 
the radiation reaction force in the Landau-Lifshits form 
and )/)(/)(3/2( 22 cmce ωµ = . The term in RHS is re-
sponsible for the phase-space contraction [17, 18]. It can 
be shown that ( ) lRR FF ε/4≈⋅∂ vp  in the limit 1>>lε , 

where the remaining terms are in 2
lε  less than the lead-

ing ones. Indeed, 21 −−
lRF εµ  can be rewritten as follows 
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The derived expression coincides with the expres-
sion for ( )Rl Fvp ⋅∂−−− 1114 εµ  calculated in Ref. [17, 18]. 

Kinetic equation Eq. (18) can be solved by method 
of characteristics. The solution of the kinetic equation 
for the rotating electric field can be presented in the 
form 

[ ] [ ],)()()(
1, ∑ =

−−=
N

i iipe ttf pprrpr, dd   (20) 

where )(tir  and )(tip  are the lepton trajectories in the 
rotating field: 

( ).cossin)( 0 ttat yx ωω eeE +=   (21) 
This can be verified by substituting Eq. (18) into 

Eq. (16) and taking into account the identity 
)()(' xxx dd −= . Summation over the index i  means 

summation over the initial position of the leptons, 0r . 
It is shown [14, 16-18] that because of the radiation 

friction and pahse-space contraction the lepton trajectro-
ries in the rotating field are attracted to the asymptotic 
or stationary trajectory which is given by following 
equations  

( ) ( ).cossin)( ϕωϕω +++= ttt yx
Z

i eer   (22) 

( ) ( )[ ].sincos)( ϕωϕωε +−+= tttp yxl
Z
i ee .    (23) 

The lepton energy, lε , is the solution of the equa-
tion [14,16,19] 

.02
0

822 =−+ all εµε                (24)  
The equation for electron energy with QED correc-

tions takes a form [16] 
2 2 8 2

0( ) 0,l l lG aε µ ε χ+ − =             (25) 

,
2

S

l
l a

εχ =                               (26) 

where  
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is the ratio of the total intensity of photon emission in 
QED to that in the classical regime: 

)0(/)()( == lll IIG χχχ . 

3. CASCADE GROWTH RATE 
We assume that: 
(i)  ( ) ( )prpr ,)exp(,, ,,,, phpephpe fttf Γ≈ ;  
(ii) the momentum distribution of the leptons is nar-

row 
( ) ( ) )(, ,,

Z
pepe nf pprpr −≈ d ; 

(iii) the fields and the distribution functions do not 
depend on y  and z ;  

(iv) pe nn ≈ ; 
(v) the lepton motion is suppresed in the direction, 

which is perpendicular to the plane of the rotation.  
According to Eq. (23), Zp  does not depend on the 

initial conditions and depends only on the local strength 
of the electromagnetic field. Integrating Eq. (17) over 
p  a continuity equation for electrons and positrons can 
be derived 
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where ( ) ),(,, ,, tndtf pepe rppr =∫  is the electron and 

positron density, respectively, and Eq. (16) is used to 
derive RHS of Eq. (28). The equation for the photon 
(Eq. (2)) can be rewritten as follows 
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where Eqs. (5)-(14) are used. 
Solving Eq. (29) for phf  and inserting the expression 

for phf  into Eq. (28) the equation for the cascade 

growth rate can be derived after integration over p  
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The obtained expression is similar to Eq. (10) in 
Ref. [12]. However, in the model proposed in Ref.  [12], 
the radiation reaction is neglected in calculation of lp , 

lχ  and ( ) εε ddWrad /,p . As a result, Γ  is overesti-
mated for strong laser field (see Fig. 3a in Ref. [12]) 
when the radiation reaction is essential ( 4000 >a ). In 
our model to calculate Γ  the asymptotic trajectory, 
which exists due to the radiation reaction effect, is used. 
If pairW  and radW  are approximated by some mean 

values const=pairW  and const=radW , respectively, 

then Eq. (30) can be reduced to Eq. (20) obtained in 
Ref. [20]. 

As the mean probability for the photon emission is 
higher than that for the photon decay during cascading 
so that pairW>>Γ  (see also Ref. [20]) and Eq. (30) 
can be reduced to the form 
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which is similar to Eq. (11) in Ref. [12]] if the radiation 
reaction is neglected and agrees with Eq. (20) in 
Ref. [20] for Γ  in the limit pairrad WW >>  when pairW  

and radW  are approximated by some mean values 

const=pairW  and const=radW , respectively. In the 
model proposed in Refs. [5, 20] it is assumed that the 
leptons are almost stop after photon emission and lχ  of 
all leptons has to be more than 1 for cascading. This 
scenario is mostly relevant for extremely strong laser 
field 4

0 10>a  and the model overestimates the intensi-

ty threshold of cascade developing for 4
0 10<a  (see 

Fig. 3,a in Ref. [12]). Our model is relevant for moder-
ate intensities 4

0 10400 << a  when the leptons lose 
their energy mainly by small portions lph εε <<  and 
the classical description of the lepton dynamics with 
radiation reaction is good. Moreover, Eq. (31) can be 
considered as a convolution of the photon spectrum, 

phrad ddW ε/ , and the pair production probability, 

pairW . This implies that the small portion of the pho-
tons located within the high-energy part of the photon 
spectrum can be sufficient to drive QED cascade as 

pairW  exponentially decreases with the photon energy. 
Further simplification of Eq. (31) can be achieved in 

the limit 1<<phχ  and lss χ>>− )1/(  where lphs εε /= . 

In this limit pairW  is reduced to the form [21]  

 80.23 exp ,
3
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ph ph

a
W
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ε χ

 
≈ −  

 
 (32) 

and the high-energy part of the photon spectrum can be 
only taken into account [21] 
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phχ  can be estimated from Eq. (14): 

SlSphph asaaa // 00 εεχ =≈ . Hence, Eq. (31) can 
be reduced to the form:  
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It follows from Eq. (36) that −∞=)(sB  and 

0/2 =Γ dsd  for 0=s  ( 0phε = ) and 1=s  

( lph εε = ). In order to estimate the integral in Eq. (34) 
we can use the saddle point method. The main contribu-
tion to the integral comes from the neighborhood of the 
saddle point, 0ss = , specified by 0/ =dsdB . The 

solution of the equation 0/ =dsdB  is )1/(0 ττ +=s , 

10 0 ≤≤ s , where )/(4 0
2

lSl aa εχτ = . Eq. (22) can be 
rewritten as follows:  
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The parameters, τ  and lχ , can be calculated from 

Eqs. (25), (26): 8/13
0 )(2 −≈ µτ a . Further simplification 

of Eq. (38) is difficult as 1~τ .  

 

 
The cascade growth rate in the rotating electric field vs 
the field strength in the logarithmic scale (a) and in the 

linear scale (b). The rate is calculated  
numerically (red points) and analytically by Eq. (38) 

(black curve) 

4. DISCUSSION AND CONCLUSIONS 
In order to verify the obtained expressions for the 

cascade growth rate in the rotating electric field we per-
form numerical simulations based on Monte-Carlo 
method for modelling pair production and photon emis-
sion. The rotating frequency is equal to λp /2 c , where 

=λ  1µm. The results of the simulation are presented in 
Figure. It is seen from Figure that the analytical results 
are in an qualitative agreement with the results of the 
numerical simulation. The difference between the ana-
lytical results and the numerical ones at large value of a0 
can be caused by the simplification of the lepton distri-
bution function. It is assumed in the analytical model 
that the lepton distribution is monoenergetic. However it 
follows from the numerical simulation [7] that there is a 
large energy spread in the lepton energy spectrum. This 
should be taken into account for accurate description of 
cascading.  
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ИНКРЕМЕНТ КЭД-КАСКАДА ВО ВРАЩАЮЩЕМСЯ ЭЛЕКТРИЧЕСКОМ ПОЛЕ 
И.Ю. Костюков, И.И. Артеменко, Е.Н. Неруш 

Исследовано развитие квантово-электродинамического (КЭД) каскада во вращающемся электрическом 
поле. Из кинетических уравнений для электрон-позитронных пар и фотонов выведен инкремент роста кас-
када как функция напряженности поля. Полученная формула согласуется с результатами численного моде-
лирования. 

ІНКРЕМЕНТ КЕД-КАСКАДУ В ОБЕРТАЮЧОМУ ЕЛЕКТРИЧНОМУ ПОЛІ 
І.Ю. Костюков, І.І. Артеменко, Є.Н. Неруш 

Досліджено розвиток квантово-електродинамічного (КЕД) каскаду в обертаючому електричному полі. З 
кінетичних рівнянь для електрон-позитронних пар та фотонів виведено інкремент зростання каскаду як фу-
нкція напруженості поля. Отримана формула збігається з результатами числового моделювання. 
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