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The formation of synchrotron radiation polarization of runaway electrons is studied. The radiated power and
directions of polarization in the synchrotron radiation spot in the dependence of pitch angles of emitting electrons
are estimated. The polarization measurements can give additional diagnostics for the radiating relativistic electrons.
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INTRODUCTION

Synchrotron radiation provides information about
the runaway electrons in tokamaks. Polarization meas-
urements will give extra features.

In [1 - 3], the synchrotron radiation from runaway
electrons in tokamaks was observed. The synchrotron
spectra of runaway electrons in tokamak were analyzed in
[4, 5]. In [6, 7] the polarization pattern of the synchro-
tron radiation of runaway electrons in tokamak has been
calculated.

Analysis of experimental data has shown that the de-
scription of the synchrotron radiation of runaway elec-
trons in tokamaks is the case when you need to take into
account the curvature of magnetic field lines [8 - 10].

In this paper, we will continue to study the polariza-
tion of synchrotron radiation in a toroidal magnetic field
configuration taking more attention to forming the po-
larization pattern.

The topology of toroidal magnetic fields, the elec-
tron energies take values that are typical for medium-
size tokamaks. The nested circle tori for magnetic fields
and drift trajectories are considered.

The compact formulas that describe the coordinates
of the radiation points are given. The synchrotron radia-
tion formulae for an electron moving along a circle are
used to describe the radiation of ultrarelativistic elec-
trons from a small arc of its trajectory. The mechanism
of the appearance of linear polarization in the synchro-
tron radiation spot is elucidated.

The paper is organized as follows. The formulas for
coordinates of particles emitting to the detector are giv-
en in Section 2. The contribution to radiation from two
different regions on the torus is described. The merging
of these two areas into one is described.

In Section 3, the formulae for calculating the direc-
tions of polarization and power of synchrotron radiation
from electrons with drift trajectories on the torus are
considered.

In Section 4, the polarization and power in synchro-
tron radiation spot is calculated for the range of pitch
angles of the runaway electrons.

1. TOROIDAL MAGNETIC FIELDS
AND ELECTRON TRAJECTORIES

Cartesian coordinates are taken as shown in Fig. 1.
The torus is described with coordinates (r,9,¢7): coor-
dinates (r,$)with centre at major radius R and the
toroidal angle ¢, e,,e,4,e, are the corresponding orts,
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e, =[e,.e,] . Magnetic surfaces and drift surfaces have

a toroidal topology. The major radius of nested magnet-
ic surfaces is R =R, the major radius of drift surfaces

isR=R,+5.

So, there are two coordinate systems (r,3,¢) and
(rf,Sf,go) corresponding to drift and magnetic torus,
respectively.

7

X

S

bp

Vn

s ¢}

Fig. 1. Coordinate systems. Cartesian coordinates
(x,y,z) of the emitting electron; coordinates

of the torus (r,9,¢); cylindrical coordinates (p,¢,z),
p =R —rcosd; cartesian coordinates of the detection
point (- D,Y,Z); Larmor’s circumference
and trihedron orts of the drift trajectory ty,vp,bp
(bottom right corner)
Suppose, the toroidal magnetic field B, and plasma

current | are clockwise, radiating electrons are moving
counterclockwise.
Magnetic fields take the form [11, 12]

B(I‘f 95 )— 1—r; cos Yy /Ro {q(rf )RO Eor + €y } (1)

here r;,9; are the radius and poloidal angle of magnet-

ic surface, q(rf ) the safety factor.

Suppose that the safety factor of the magnetic field
lines q(r, ) is equal that of the particle drift orbits g, (r)

when equal radii of magnetic field line surface r, and

drift surface r are considered [1].
The guiding center is moving along drift trajectory
with speed v,. The electron pitch angle is
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a=Vv, /v|| <<1, with respect to the drift trajectory,
where Vv, =awgly, ®; =eB/(ymc), B=B(r,9) the
magnetic field at the point with drift coordinates r, 9,
y >>1 is the Lorentz factor.

The electron velocity vector is given by [7]

V=V, +V, (-sin®v, —cos@b,, ), )
here t,,v,,b, are the tangent, normal, and binormal to
the drift path, the angle ® is measured from the normal
v, to the direction of vector —b,, 0= Wy, Fig. 1.

We note that the position of the electron on the Lar-
mor circle is described by an angle ®, which is meas-
ured from the direction of the normal v, to the drift

trajectory.
1.1. RADIATION POINTS

The detector is located at the point P, with Carte-
sian coordinates (- D, Y, Z), Fig. 1. The line of sight is
directed from the detection point P, to the radiation
point P,, denote unit vector in the direction P,P, as n.

The high energetic electrons emit their synchrotron ra-
diation practically along their velocity vector (2), Fig. 1.

The coordinates of radiation point are founded out
after equating components —n, ,—n, to the directional

cosines of velocity vector, i. e., equations vn+v =0 are
solved.

For any r,$ the third coordinate of radiation point
takes a value @=x/2+A¢@, where A is the first-
order correction with respectto r/R <<1, a <<1.

The electron position in Larmor circle, angle ©, is
given by [6, 7]

z

P cos(9-9)- 5, (3
aqp (r)Rcos 9, cos(9 = %) aD ®)

where cos, = D/,ID2 +(qoR) -

From equation v, +vn, =0 follows®
rosin(9-9)

Ap=——r
v gpR co0sY,

cos® =

+asin®+%, @)

r?/a?
1—(1— rz/az>n+1
factor of drift path, n=1...7, a is the small tokamak
radius [11]. Larmor radius rg is not taken into account
because of its smallness.

Formulas (3) and (4) can be illustrated by visual ge-
ometric constructions.

The formulae (3), (4) are consistent with
egs. (9), (10) in [12], only you need to pay attention to
the fact that our angle ® is measured from the normal
to the drift trajectory. As, the unit vector v has almost

constant orientation along the unit vector €, this

here qp(r)=(n+1)q, models the safe

simplifies calculations.
Further, we assume Z=0,Y -R=0.

In [7, eq.5] should be r/(qpR)sin$ instead of
r/(gpR)cos 4.
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The range of angles ¢ depends on pitch-angles « .
As can see from eqg. (3), there are constraints on ac-
ceptable angles 9 when a <r/(qpRp c0s Y, ), Fig. 2.

The angle 9, specifies the direction of the line
AA' to the vertical axis ( Z -axis), Fig. 2.

Using (3), we obtain ®=x/2 at the point
A(r,%, +z/2). At this point, the drift velocity vector is
directed to the detector (the projection to the (x,z)

plane, more correctly).
Suppose, the radiation point is in the line OC then

the point C has coordinates (r,,9,). There are not radi-
ation points for r > r, along this direction. From eq. (3)
we obtain 1y = aqp (fy)Rcos 9, . The larger pitch-angles
a give larger values of the radius ry, (the dash-dotted
curve in Fig. 2)

Fig. 2. Scheme of the synchrotron radiation spot.
Z=0, R=Y

If =0 the radiation spot is converted into line
AA", which has an angle $,=39,+7/2, where
tg 9, =ctg 9, =qr/D, [12].

There are two solutions of eq. (3),i. e. £0.

Substituting ©; =@ and ©, =-0 into eq. (4), we
obtain azimuthal coordinates ¢,and ¢, of two radiation
points. The angular difference between these points is
PP =2Ap,

200 = Za\/l— ( (;Z((rf))ﬂr:)jz cos2(9 -y ).

The maximum value of the angle 2A¢ is reached on
the line AA" whenever ® =+7/2, then Ap=« .
Along the dashed line in Fig. 2, as follows from (4)

for qp(r)=const, we obtain 2A¢ =2a-1-(r /1, ),

where 1, e(~1,,1p) is the minimum distance between
the dashed line and the point 0.

2
| ~ 2rbeam 1- (rl/rbeam)
is the radius of electron beam.

is the dashed line length,

Theam
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There is one radiation point at lines BB’ and CC’',
A@p =0 for these lines of sight. The line BB’ is de-
scribed by rcos($—-9,)/q(r)=r/q(rp) as it follows
from eq. (3).

The distance Ar=r,—r from the boundary line

BB’ to the point, for which the angular distance be-
tween the radiation points decreases to 1/y, Ap ~1/y,

can be estimated as Ar=0.5 I’O/(a)/)z .

The ultrarelativistic electron radiates into a narrow
cone along the instantaneous velocity vector, the angu-
lar width of the cone is of the order 1/y . From the vec-
tor product, —[n,v/v], ~1/y, we can estimate that cor-
rections to the rhs of (4) are of the order 1/y .

The electron passes the distance lsc ~ V27 /g in
one revolution around magnetic field line. This distance
corresponds to an angle agc ~22vy/(wgR). Then, the
ratio of the angle between the radiation points to the
angle agc is Qgc = 2Ap/asc = awgRsin®/ay; , or
Osc =0, SiN®/7 , where g, is given by (7).

2. SYNCHROTRON RADIATION
FORMULAE

The synchrotron radiation of an ultrarelativistic elec-
tron moving along a circle is formed on a small segment
of circle with an angular opening 2/y . For an ensemble
of electrons we integrate the spectral angular distribu-
tion over the solid angle assuming that the magnetic
field is not strong anisotropic in angles ~1/y [13, 1].

The spectral power density of synchrotron radiation
emitted by an relativistic electron moving along a circu-
lar path with a curvature radius R, at wavelength A

is expressed by [13, 14]

dP(2) _ 27 e’c [Karalax £K,5(y) |+ ©)
y

di J3 /1372

where y=4,/1, A, = 47churV/(3y3) is the characteris-
tic wavelength, i =0,z denote the cases of = and o -
polarization, “plus” corresponds to o -polarization,
“minus” corresponds to 7 -polarization, e, =[e_ k] is
the unit vector of o -polarization, k is the unit wave
vector, K, is the Macdonald function. Linearly polar-
ized radiation is described by eq. (5) [13].

As shown in [8 - 10], the curvature radius of the tra-
jectory, which is formed by the motion of an electron
with guiding center on a circle of radius R (R for the
trajectory (2)), is equal to

Rp
\/1— 20,0050+ 2
where cos® is given by eq. (3), q, = awg Rcurv/v|| .

At each point of radiation, there are electrons with

©e(0,27), but radiation is detected from the electron

with a definite ®. This angle defines the direction of
acceleration of the radiating electron.

(6)

Reur =
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In this case, the radius of curvature is greater on the
side of the small circle closer to the center of the large
circle of torus.

The parameter q, is defined as the quotient of the
acceleration of the particle motion in the small Larmor
circle to the centrifugal acceleration due to movement in
the larger circumference of radius equal to the curvature
radius of drift trajectory. Also, it is the ratio of Larmor’s
speed wgrg to the speed of centrifugal drift.

Available coordinates (r, 9, ¢) of the guiding center

of electron are given by (3), (4). At the point, the curva-
ture radius Rp (r, 9, ) of the drift trajectory is calculat-
ed. Further, the value B(r, ) of magnetic field is found

at this point.
The parameter g, can be written as

0 =—B(ry, 9 JRo (1, 9)%, %
mcC V4

a5

radius of drift trajectory in a first-order approximation.
To calculate the magnetic field at the point

where Rp =Ry + 5+{—1+LJrcosL9 is the curvature

P, =(r,3,%) the displacement & in equatorial plane

of the drift torus with respect to magnetic torus is taken

into account, then rf:\/r2+52—26r0058 and

c0s & _Tfeoss-o (5=0q; ymc?/(eB) seein[1, 4]).
f

Therefore, the magnetic field value is expressed by

rcos&—é)‘) (®)

B= BO(1+ -
0

2.1. POLARIZATION VECTOR

To describe the polarization properties we use the

Stokes parameters 1,Q,U,V . According [13, eq. (3.13)]

the Stokes parameters for the radiation from an individ-
ual electron are given by

_dP, N dP,

lg=—"9+—"7, 9

¢ da da ®
dP_ dP

= —9 - —Z lcos2y, 10

Qe (dl dﬂj X (10)
dP. dP_) .

= —2—-—"1sin2y, V.=0, 11

e (d/l dljl X Ve (11)

where ye(0,7) is the angle between some arbitrary

fixed direction, axis 0z in our case, and the major axis
of the ellipse of polarization. The angle y is measured
clockwise from the selected direction if the coordinate
axes is taken as in Fig. 2. dP,/dA is given by eq. (5).

As consequence of the integration the synchrotron
radiation formulae over the solid angle, the parameter
V , which indicates the presence of elliptically polarized
radiation, is equal zero, V =0 [13].

For the ensemble of particles, the Stokes parameters
are equal to the sum of the parameters of the individual
particles.
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Then the degree of polarization is defined as [13]

2,012
H(i)zi\/‘?ru , (12)
and the angle »

U
tg2y=—. 13
927=4 (13)

The rule according [13] is “from two values of the
angle 0< y <z we choose that which lies in the first
quadrant if U > O and in the second if U <0 .”

As known, the direction of the larger axis of polari-
zation ellipse (.o -component) for synchrotron emission
of relativistic electrons moving on a circular orbit coin-
cides with the direction of particle’s acceleration [14].
Let y be an angle between the axis 0z and the elec-
tron acceleration a. Taking into account the smallness
of angle between the line of sight and axis Ox, we find

a
that sin y =—~, cos;(:i
a

E
Then
. —1+0,c0s0
siny = ~ (14)
\/1— 20, C0s® +q;
and
cosy = G5 SINO (15)

Jl— 20, cos® + g2

Here, corrections of the first order of smallness, as in
[7], are not given,

It follows from (3) that each & corresponds to two
values of ®. Substituting them into (4) we get two val-
ues of the angle ¢. It turns out that electrons radiate
from two different places.

We add up Stokes parameters for these two emitting
regions, Q=Q,+Q,, U =U, +U,. Expressions (14),
(15) are substituted for siny, cosy in trigonometric
formulas for doubled angles in (10), (11).

Using Eqgs. (3)-(15) we will calculate the distribu-
tions of the total intensity |, degree of polarization T1
and polarization directions y in the synchrotron radia-
tion spot from a homogenous electron beam with radius
refr

min? fTIaX]

Z, ¢In

210 200 190 180
¥, cm
Fig. 3. Total radiated power at pitch angles
a=0.08...0.15rad: 1 =5 um, Ry =186 cm, 6 =10 cm,
r=5..24cm, D =186 cm, B, =210 G, |y= 80,
Qo=1,n=2,a=45cm
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3. DISCUSSION

We take a small arc of the electron path and use in-
tegrated over solid angle the classical synchrotron radia-
tion formulae (5).

The distribution of total power | in the area of syn-
chrotron spot is shown in Fig. 3 if electrons uniformly
distributed in a limited range of angles The radiation
point coordinates are plotted in (y, z)-plane. The color
(gray colormap) shows the radiation power (in arbitrary
units) at a given wavelength A (in this case, the wave-
length 4 =5 um), the range of pitch angles is from 0.08
to 0.15 rad. One can see the broadening of the spot with
increasing pitch angles «. The increased brightness is
observed inside the spot where the emissions of parti-
cles with different « are summed.

The radiation will be strongly influenced by the dis-
tribution of electrons over the pitch angle. The presence
of particles with different pitch angles and inhomogene-
ity of magnetic field directions will cause the radiating
hollow cone with an opening angle « to become filled,
or partially filled. Then, we can integrate eqgs. (5) over
angles O to obtain formulae from [8 - 10].
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Fig. 4. Polarization of the synchrotron spot (poloidal
projection) at the wavelength A =5 um (top),
the normals to the trajectory (2) that correspond
+@ (bottom). Parameters: B, = 2-10* G, |y = 80,
a=0.12rad, r=6...24 cm, R, =186 cm, 5= 10 cm,
D=186cm,qp=1,n=2,a=45cm

The directions of polarization in the synchrotron ra-
diation spot are shown in Fig. 4. The length of dashes is
proportional to the degree of polarization. In the upper
part of the figure, a case when the contribution to the
polarization comes from two emission points has been
considered. The degree of polarization varies from 0 to
72%. This range of values depends on « and y. Polariza-
tion directions are orthogonal. There are regions with
small and zero polarization.
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To understand how such polarization pattern is
formed, the particle accelerations (directions of normal
to the trajectory (2)) are shown in the lower part of
Fig. 4. Two arrows at each point correspond to two val-
ues of the angle +® in eq. (3). The contribution to radi-
ation comes from two waves of equal intensity linearly
polarized along these directions. The radiation of two
waves of equal intensity linearly polarized along these
directions is added at each point. The Stokes parameter
U =0 in this case. The degree of polarization of the
total wave vanishes if the initial waves have orthogonal
directions of polarizations. For the range of pitch angles,
these regions of zero polarization expand.

It should be noted the change of the polarization di-
rection on 90°. The polarization from *horizontal’ paral-
lel to the y axis becomes “vertical’ parallel to the Z axis.

An important result is the presence of regions of ze-
ro polarization. Their presence allows us to speak of
contributions to radiation from two different regions,
which in turn will speak of the stability of the magnetic
field directions.

Also, one can talk about the directions of the mag-
netic field having a polarization pattern.

New relationships between the parameters of the
emitting electrons and the magnetic field obtained from
measurements of polarization can give additional data
for the diagnostics of electron beams.

They will complement the ratios obtained from
measurements of the total intensity of the synchrotron
radiation of runaway electrons.
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O MTOJIAPU3AIIMU CUHXPOTPOHHOI'O U3JIYYEHUSA YBET'AIOIIIUX 3JIEKTPOHOB
B TOPOUJAJTBHOM MAT'HUTHOM IOJIE

AM. Cobones

Paccmotpens! ycioBust (pOpMHUPOBaHUS MOJSIPU3ALNHA CHHXPOTPOHHOTO M3ITy4YeHHs yOeraromux 31eKTpoHoB. Orie-
HEeHa M3JlydaeMasl MOLTHOCTh M HaNpaBJIeHUS MOJIPU3AMU B MATHE CHHXPOTPOHHOTO M3JIydeHUs yOeraromux 3JieK-
TPOHOB B 3aBUCHMOCTH OT IHTY-YTJIOB M3JIy4YalOIINX 3JIEKTPOHOB. M3MepeHue Mmosspu3aluil CHHXPOTPOHHOTO H3ITy-
YEHUS] MOKET OBITh IOMOJTHUTEIBHBIM CPEICTBOM ISl JUATHOCTHUKH N3TyYaAIOIIUX PENIITUBUCTCKUX 3JIEKTPOHOB.

ITPO MMOJIAPU3ALIIO CHHXPOTPOHHOI'O BUITPOMIHIOBAHHSA YTIKAIOUUX EJIEKTPOHIB
Y TOPOIJAJIBHOMY MATHITHOMY ITOJII

AM. Cobones
Po3risiHyTOo yMOBH (OpMyBaHHS MOJSpU3aLii CHHXPOTPOHHOIO BHIPOMIHIOBaHHS YTiKarOYHX eleKTpoHiB. Ha-
JlaHi OLIHKU MOTY)KHOCTI BUIIPOMIHIOBAHHS 1 HANpsMHU MOJSIpU3alii B IUISIMI CHHXPOTPOHHOI'O BHIIPOMIHIOBAHHS
YTIKAIOUMX EJIEKTPOHIB Yy 3aJIE)KHOCTI BiJl MITY-BYIJIIB BUIIPOMIHIOIOYHMX €JIEKTPOHIB. BuMipioBaHHs mnossipu3arii
CHHXPOTPOHHOT'O BUITPOMIHIOBAHHSI MOXE CJIyT'YBaTH J0/IaTKOBUM 3acO00M JJIsl IIarHOCTHKHU PENSTHBICTCHKHX €Jle-
KTPOHIB.
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