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A condition, at which inverse power one-dimensional potential V(x) =q / |x - x0|n (o = const, Xo = const,

xU]- o ;to[, nis a natural number) becomes reflectionless during propagation through it of a plane wave, is

obtained on the basis of SUSY QM methods. A scattering of a particle on spherically symmetric potential

Vry=ta / |r -7 |n is analysed with taking into account of the reflectionless possibility.
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1. INTRODUCTION

Methods of supersymmetric quantum mechanics
(SUSY QM) allow finding quantum systems (both in
the region of continuous energy spectrum and discrete
one), which potentials have a penetrability coefficient of
particles through them equal to one. One can name such
quantum systems (and their potentials) as reflectionless
[1].

A resonant tunneling phenomenon and, especially,
papers, directed to study of its demonstration in
concrete physical problems (for example, see Ref. [2]),
have been caused an increased interest. The
penetrability coefficient of the barrier during the
resonant tunneling becomes large to the maximum. But
the reflectionless potentials are interested in that they
have the penetrability coefficient, practically equal to
one in a whole region of the energy spectrum, whereas
the resonant tunneling exists at selected energy levels
only. A number of papers devoted to study of properties
of the reflectionless quantum systems have been
increasing each year. Here, note the bright reviews [3,
4], where both the methods for detailed study of
properties of one- and multichannel reflectionless
quantum systems, and enough simple approaches for
their qualitative understanding are presented. All these
methods have found their application in scattering
theory (both in direct problem and in inverse one).

Note, that SUSY QM methods for study of the
properties of the systems in the continuous energy
spectrum are developed less than in the discrete one.
Besides, majority of the obtained reflectionless
potentials are expressed with use of series in enough
complicated form, and any found reflectionless potential
with a simple analytical form can be useful by its
clearness in qualitative analysis of the quantum systems
properties. In this paper we analyse the one-dimensional
and spherically symmetric quantum systems in the
region of the continuous energy spectrum, which
potentials have an inverse power dependence on a space

coordinate, and we obtain conditions, when these
systems (and potentials) become reflectionless.

2. INTERDEPENDENCE BETWEEN
SPECTRAL CHARACTERISTICS OF
POTENTIALS-PARTNERS

In the beginning we consider an one-dimensional
case of a motion of a particle with mass m inside a
potential field V(x). Let's introduce the following
operators 4 and A+:

(1)
.. 0 4

where W(x) is a function, given on the whole space
region x. We suppose that this function is continuous on
the whole region of its definition except for some
possible points of discontinuity. On the basis of
operators 4 and A+ one can construct two Hamiltonians
for a motion of this particle inside two different fields
Vi(x)and V> (x):

) 02 42
Ho=a A=~ sy,
2m dx 2
DZ d2 ( )
H,= AA" = - — —+ V,(x),
: 2m dx? (%)
where potentials V; (x) and V> (x) are defined as follows:
0 dw(x)
Vi(x)= W (x)- —— ;
: V2m  dx 3)
0 dw(x)

Vy(x)= W2 (x)+

Som  dx

In development of SUSY QM theory the function
W(x) is named as superpotential, whereas the potentials
Vi(x) and V,(x) are named as supersymmetric
potentials-partners [5)]. Composition of Hamiltonians of
two quantum systems on the basis of the operators 4
and A+ establish interdependence between spectral
characteristics (spectra of energy, wave functions) of
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these systems. One can see a reason of such
interdependence in that two different potentials V; (x)
and V> (x) express through the same function W(x).

If the energy spectra of these systems are discrete,
then one can write:

Hy, =449, = E" 7,

) - Q) - ()4 (D)
H2 n _AA n -En¢n’

where E,il) and EISZ) are the energy levels with

“

number 7 (n is a natural number) for two systems with
potentials ¥; (x) and V> (x), § @ and ¢ 2)

N . are wave

functions corresponding to these levels. We obtain:
H,(49,")= 44" 49 0 = EV (49 ,"),
H(A'9,0)= A" A4°9 0 = EP(A'$,7).
We displace V; (x) by such a way that Eél) =0 (Gt

has no influence into levels distribution inside energy
spectra and into a form of wave functions). Analysing
Eq. (5), one can obtain the following interdependencies
between the energy spectra and the wave functions [5]:
E® = EO

n+l®
EP= 0,

2) - 1) \-1/2 1

6,7 = (B 48,)

nt12
a1 - 2)\-1/2 4+4 (2)
n+l-(En) A¢n'
Here, a normalisation condition for wave functions
inside the discrete energy spectrum are taken into

account:
O 2 - (2) 2 _
[1800F de=1 (10 PP =1 ()
If the energy spectra of two systems are continuous,
then one can find interdependence between their wave

functions also (here, the expressions (5) will be changed
a little):

¢ @ (k,x)= const DA} © (k,x), )
¢ V(k,x)= const0A" ¢ P (k,x), ®

where @(1)(k, x) and @(2)(k, x) are the wave functions
for two systems with potentials V; (x) and V> (x). For
obtaining the exact dependence between the wave
functions in Eq. (8) one need to take into account a
condition of their normalisation (for the continuous
energy spectrum) with view of boundary conditions.

For the quantum systems with the continuous energy
spectra the SUSY QM methods allow to establish the
interdependence between the coefficients of the
penetrability and the reflection [5]. Let the potentials
Vi (x) and V> (x) be finiteat X - 10  ie. at

(&)

(6)

W(x- to)=z W, ©)
we obtain:

Vix- to)=V,(x- t0)= W, (10)

Consider propagation of a plane wave ¢** in positive
direction of x-axis in the field of the potentials V; (x)
and V> (x). In result of its incidence from the left we
obtain transmitted waves T, (k') ¢** and T, (k') ¢**, and
also reflected waves R, (k) e™ and R, (k) ¢™. We have:

¢ (1’2)(k,x — ) . ei/cc + Rl’ze-ﬂcx’

" 11

¢(l,2)(k’x_’ +00)_. ]ﬂl)zezkx’ ( )
where k and k' are defined as follows:

k=JE-W?, k'= JE- W2, (12)

Taking into account the interdependence (8)
between the wave functions for two systems with the
continuous spectra, we write:

e™ + Re ™ = N((-ik+ W )e™ +
+(ik+ W.)e ™ R,),
Tleik'x - N(_ ik'+ VV+ )eik'xTz,

where N is constant, defined from the normalisation

conditions. Equating terms with the same exponent and
estimating N, we obtain:

(13)

W+ ik
Ri()= Ry(k) s

v ik (14)
T.(k)=T, (k)= .
()= T, (05—

Expressions (14) establish the interdependence
between the amplitudes of penetrability and reflection
for two quantum systems. The coefficients of
penetrability and reflections of the potentials V; (x) and
V> (x) can be calculated as squares of modules of the
penetrability and reflection amplitudes.

3. POTENTIAL OF THE FORM
V(x)-= const/(x - x0)2

Let's consider superpotential of the form:

E a , at x<0,

W (x)= H" Yo (15)
t >0
@x+ xo , a X ,

where a > 0, x, > 0. On the basis of Eq. (3) we find
supersymmetric potentials-partners V; (x) and V> (x):

0 R 0 daw(ix)_  «a E 0 E
V.(x)= W (x)- = _H - i
for x<0 @ e Vam - dx o (x7 %) BRE (16)
02 R+ .o Ea ' J—D E
A J2m  dx (x- x,)° 2m
0 o, 0 dawx)_ « I
Vix)=w-(x)- = S0 -
Jor x>0 ﬁ Vam dr o (xt %) E Vz’”% (17)

0 dw(x) _

By, ()= W2 (x) +

i
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From Eq. (16) for V;(x) one can see that at the
condition

I
0= —

18
Jom (49
potential V; (x) becomes constant. The penetrability
coefficient relatively the propagation of the plane wave
through this potential equal to one and, in this sense, the
potential V; (x) is reflectionless. In accordance with
Eq. (14), the penetrability coefficient of the potential
V> (x) equals to one also:

[T 1P=1 T, = 1. (19)

Note the following property: the penetrability
coefficient for the reflectionless potential is not changed
with change of x, (at xo > 0).

At xo < 0 the region x [J ]-|xo|, +|xo|/ appears, where
the potentials have infinite high values and, in this
sense, they have absolute opacity. A case xy = 0 is
boundary.

4. ONE-DIMENSIONAL POTENTIAL

V(x)=const [ | x - xo|" AND SPHERICALLY
SYMMETRIC POTENTIALS

V(x)=const [ | r - r,|"

Now we consider more general case with the
superpotential of the following form:

Ea—n, at x<0,

W= B 0)
b———r\ at x>0,
Al + x|

where a > 0, x, > 0, n is a natural number. Find the
potentials-partners V; (x) and V> (x):

% a Ha - Dn‘x- all - H at x<0
A(x- x,)™ § Vam  F ’
Vi(x)= T ! ,HD 1)
0« H Dn‘x+ xo‘ H
0 —0 - o at x>0,
Q(x+ x,)™" % 2m E
D D _ n-1
a nx- x
E(x-x)z" Ea ' \/2710 E’ at x< 0,
Vy(x)= [0 ’ Dol o [ (22)
a a Ha + n‘x %o H at x>0,

Q(X'I' xo)zﬂ H

Therefore, the potential V; (x) can be constant only
when the condition from the following one is fulfilled:

n=0 or n=I. (23)

The condition n=0 gives trivial solutions. Let's
consider another condition: n=/. In this case the
potential 7, (x) becomes reflectionless if the condition
(18) is fulfilled. If the condition (23) is not fulfilled then
one cannot reach the constancy of the potentials V; (x)

Vam

r

or V, (x) by change of the coefficients a and m. If to
change sign at W(x), then the sign at the potentials
Vi(x) and V,(x) is changed also. Here, analysis
described above remains applicable.

Now we generalise the analysis of the one-
dimensional reflectionless potentials described above
into spherically symmetric case (at /=0). Here, one need
to use the functions W(r) and V. (r) for the positive
r>0 only. At n=1 we obtain:

AT Ea - E
HW(’”): ta HD @ (r+n) \/? (24)
rt o, DV2()C): ta Ea N E
H rx+ r,)’ \2m

When the condition (18) is fulfilled then the
potential V; (r) is constant, the potentials V; (r) and
V> (r) are reflectionless, and scattering of a particle upon
them is resomnant. Note that a case n=/ is boundary
between potentials with n>/ (where an incidence of
particle upon a centre is possible) and the potentials
with n</ (where the incidence of the particle upon the
centre is not possible).

5. CONCLUSIONS

On the basis of SUSY QM methods the condition is
found, under which the potential, having the inverse
power dependence on a space coordinate, becomes
reflectionless for wave propagation through it. The
potentials of such a type are interested in that they have
enough obvious and simple form in a comparison on a
number of potentials studying in [3,4], they are
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expressed through elementary functions in an analytical
form in a contradiction on a majority of shape invariant
potentials studying in [5] and expressing with use of
series, and they are considered often in problems of the
scattering theory.

As further perspective, a problem of extension of a
class of the reflectionless potentials on the basis of
inverse power reflectionless potentials with use of
canonical transformations of coordinates (this method is
used for obtaining new exactly solvable potentials on
the basis of known one and described in details in [5])
can be studied.

Here, we note that solving the equation

V(x)= W(x)t L am(x) = const,  (25)
V2m

one can find a general form of the function W(x), which
determines the reflectionless potentials. From here one
can obtain all types of the reflectionless potentials.
Here, partial solutions of Eq. (25) are:

W)=t ——

X- X,
W(x)= BCtanh(a (x - x,)), (26)
W(x) = const,

where B = const. The superpotential W(x) = B tanh(a(x
—xg)) is known in literature (for example, see [5]).
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OJHOMEPHBIE OBPATHO CTEINEHHBIE ABCOJIFOTHO ITPO3PAUYHBIE ITIOTEHIUAJIBI
THUIA V(x)=const [ | x - xo|"

C.II. Maiioaniok
C nomompio meromoB SUSY QM mojydeHO yClIOBHE, NMPH KOTOPOM OOpaTHO CTEICHHOW MMOTCHIIMAT

n
Vx)=a / |x - x0| (a = const, xy = const, xU]- o to[ n— HATypaJbHOE YHCJIO) CTAHOBUTCA aOCOIIOTHO

MIPO3PAavYHBIM HPH MPOXOXKICHUH HYEpe3 HEro IIOCKOW BONHBL. [IpeicraBieH aHamm3 paccestHUSl YacTHIBI Ha

n ~
chepuuecku-cuMmMeTpruHOM — notennmane V()= t @ / |r- r0| C y4eToM BO3MOXXHOCTH  aOCONIOTHOW

HPO3PAYHOCTH.

OIHOBHUMIPHI OBEPHEHO CTEIIEHEBI ABCOJIIOTHO ITPO30PI TIOTEHIIAJIA
THITY V(x)=const [ | x - xo|"
C.II. Maiioantok

Ha ocnoBi wmetomie SUSY QM orpumMaHo yMOBY, MpH SKii OOCpHEHO CTETICHEBUH ITOTEHIlial

n
V(x) =a /|x - x0| (a = const, xg = const, x[ ] -w,to [ , N — HATypaJbHOE YUCII0) CTa€ aDCOIOTHO TPO30PHM

TIPH TPOXODKCHHI Kpi3h HOro Iiockoi xBuimi. [IpencTaBiieHO aHaii3 PO3CIIOBAaHHSA YAaCTHHKH Ha CQEpUIHO-

. . n . . .
cuMeTpruHOMy motenuiani V(7)) = t @ / |r - r0| 3 BpaXyBaHHAM MOKIMBOCTI aOCOIIOTHOI IPO30POCTI.
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