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Uniﬁed ﬁeld theoretical models based on generalized aﬃne geometries are proposed, described and analyzed from the
physical and mathematical points of view. The relation between torsion and spin of the models is explicitly shown
and some of their physical consequences, as the modiﬁcation of the anomalous momentum of the elementary particles,
are discussed.
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1. THE THEORY
In this report the geometrical analysis of a new type
of Uniﬁed Field Theoretical (UFT) models introduced previously in [1, 2] by the authors is presented.
These new uniﬁed theoretical models are characterized by an underlying hypercomplex structure, zero
non-metricity and the geometrical action is determined fundamentally by the curvature arising thanks
to the breaking of symmetry of a group manifold
in higher dimensions. This mechanism of CartanMacDowell-Mansouri type, permits us to construct
geometrical actions of determinantal type. Such
mechanism also leads to a non topological physical
Lagrangian due to the splitting of a reductive geometry. The starting point of the type of theory is a
space-time basis Manifold equipped with a metric,
e.g.
(1)
M, gμν ≡ eμ · eν ,

fundamental ﬁeld in the UFT non-symmetric. For instance, K can be identiﬁed with the fundamental tensor in the non-symmetric fundamental theory. This
fact gives us the possibility to restrict the connection
to an (anti) Hermitian theory.
The second important point is the following: let
us consider [1] the extended curvature
ab
ab
Rab
μν = Rμν + Σμν

(3)

with
ab
Rμν
= ∂μ ωνab − ∂ν ωμab + ωμac ωνcb − ωνac ωμcb ,

 a b
a b
Σab
μν = − eμ eν − eν eμ .

(4)

We assume here ωνab a SO (d − 1, 1) connection and
eaμ is a vierbein ﬁeld. The eqs. (3) and (4) can be obtained, for example, using the formulation that was
pioneering introduced in seminal works by E. Cartan
long time ago [1]. It is well known that in such a
where for each point p ∈ M ∃ a local space aﬃne A. formalism the gravitational ﬁeld is represented as a
 deﬁnes a generalized aﬃne connection of one form associated with some group
The connection over A Γ
connection Γ on M speciﬁed by (∇, K) where K is which contains the Lorentz group as subgroup. The
an invertible (1, 1) tensor over M . We will demand typical example is provided by the SO (d, 1) de Sitthat the connection is compatible and rectilinear
ter gauge theory of gravity. In this speciﬁc case, the
SO (d, 1) the gravitational gauge ﬁeld ωμAB = −ωμBA
∇K = KT, ∇g = 0,
(2) is broken into the SO (d − 1, 1) connection ω ab and
μ
the ωμda = eaμ vierbein ﬁeld, with the dimension d
where T is the torsion, and g (the space-time metﬁxed. Then, the de Sitter (anti-de Sitter) curvature
ric used to raise and to low indices and determines
the geodesics) is preserved under parallel transport. RAB = ∂μ ω AB − ∂ν ω AB + ω AC ω B − ω AC ω B (5)
μν
ν
μ
μ
νC
ν
μC
This generalized compatibility condition ensures that
the aﬃne generalized connection Γ maps autoparal- splits in the curvature (3). At this point, our goal
lels of Γ on M in straight lines over the aﬃne space is to enlarge the group structure of the space-time
A (locally). The ﬁrst equation in (2) is equal to the Manifold of such manner that the curvature (5), obcondition determining the connection in terms of the viously after the breaking of symmetry, permits us to
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deﬁne the geometrical Lagrangian of the theory as
It is interesting to see that


i) the above formula is absolutely general for the
(6) type of geometrical Lagrangians involved containing
Lg = detRaμ Raν = detGμν .
the generalized Ricci tensor inside,
Then the action is
ii) for instance, the variation of the action will

√
b2
carry the symmetric contraction of components of
S=
−gdx4 R,
4π
the torsion tensor, then the arising of terms as

hμ hν (hν is an axial vector dual of the torsion) .
2
γ 2 γ 3 1
1 4
2 2
R ≡ γ4 − G − G +
G
− G ,
iii) the only thing that changes is the mass (see
2
3
8
4
[2]) and the explicit form of the tensors involved as


λ
(7) Rρ[μν] , Fμν , etc. is without variation of the Dirac genGμν ≡ λ2 gμν + f aμ faν +


eral structure of the equation under consideration,
+2λ R(μν) + f aμ R[aν] + Raμ Raν ,
iv) eq. (13) diﬀers from the one obtained by Landau and Lifshitz by the appearance of last two terms:
Gνν ≡ λ2 (d + fμν f μν ) +
(8) the term involving the curvature tensor is due to the

 2
2
spin interaction with the gravitational ﬁeld (due to
+2λ (RS + RA ) + RS + RA
λ
) and the last term is the
the torsion term in Rρ[μν]
with (the upper bar on the tensorial quantities in- spin interaction with the the electromagnetic and the
dicates traceless condition, b2 in principle constant mechanical momenta,
homogenizing the units)
v) expression (13) is valid for another vector v λ ,
then is valid for a bispinor of the form Ψ = u + iv,
RS ≡ g μν R(μν) ,
RA ≡ f μν R[μν] ,
ν ρ
2
vi) the meaning for a quantum measurement of
Gρ Gν ≡ G ,
Gν
g
the
space-time curvature is mainly due to the term
ν
Gμν ≡ Gμν − μν
γ ≡ dν ,
4 Gν ,
in
(13)
involving explicitly the curvature tensor.
(9)
The important point here is that the spin-gravity
ν λ ρ
3
ν ρ 2
2 2
Gλ Gρ Gν ≡ G ,
Gρ Gν ≡ G
,
interaction term is so easily derived as the spinors
ν μ λ ρ
4
are represented as space-time vectors whose covariant
Gμ Gλ Gρ Gν ≡ G ,
derivatives are deﬁned in terms of the G-(aﬃne) conwhere the variation was made with respect to the as- nection. In their original form the Dirac equations
sumed for fρτ (electromagnetic) potential aτ as fol- would have, in curved space-time, their momentum
lows:
operators replaced by covariant derivatives in terms
◦
of “spin-connection” whose relation is not immediα
ρ
R(μν) = Rμν − Tμρ Tαν = −λgμν ,
(10)
ately apparent.
α
= −λfμν ,
(11)
R[μν] = ∇α Tμν
√
√
δ G
∂ G
2. DIRAC STRUCTURE,
≡ ∇ρ Fρτ =
= ∇ρ
δaτ
∂fρτ
ELECTROMAGNETIC FIELD AND


ANOMALOUS GYROMAGNETIC
λ2 N μν δμσ f ρν + δνσ f ρμ
FACTOR
= ∇ρ
= 0.
(12)
2R
From this set, the link between the torsion T and f
will be determined. Notice that total antisymmetry
of the torsion is assumed due to the physical consequences that it property for T carry up. Also, f is
not a priori potential for the torsion T and N μν is
a tensor coming from the variational procedure and
deﬁned in [1, 2]. Our goal is to take advantage of the
geometrical and topological properties of this theory
in order to determine the minimal group structure
of the resultant space-time Manifold able to support
a fermionic structure. From this fact, the relation
between antisymmetric torsion and Dirac structure
of the space-time is determined and the existence of
an important contribution of the torsion to the gyromagnetic factor of the fermions as follows [1, 2, 5]:


2
μ − m2 − 1 eσ μν Fμν uλ +
(13)
Pμ − eA
2
1
1
λ
μ Pν − A
ν Pμ uλ = 0.
+ σ μν Rρ[μν]
uρ − eσ μν A
2
2
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The interesting point now is based on the observation
that if we introduce expression (11) in (13) then:

1 μν
− m − eσ Fμν uλ −
2
1
λ 1 5 μν
μ Pν − A
ν Pμ uλ = 0,
γ σ f[μν] uλ − eσ μν A
−
d2
2
(14)




μ
Pμ − eA

μ
Pμ − eA

2

2

2



1
λ
− m2 − σ μν eFμν + γ 5 fμν
uλ −
2
d
(15)

e
μ Pν − A
ν Pμ uλ = 0.
− σ μν A
2
μ = jaμ (with j being an
We can see clearly that if A
arbitrary constant), Fμν = jfμν the last expression

takes the suggestive form:




2
1
2
5λ
μν


Pμ − eAμ − m −
ej + γ
σ fμν uλ −
2
d
(16)
e μν  
λ
ν Pμ u = 0
Aμ Pν − A
− σ
2

lyzing the ﬁrst two terms of expression (17) we can
guess the explicit form of the vertex and the eﬀective
Dirac Lagrangian where the new modiﬁcation comes
from:


Lf ef f = Ψ iγ μ ∂μ − m + γ 5 γ μ hμ + eγ μ Aμ Ψ.

with the result that the term corresponding
to the gy
λ
romagnetic factor has been modiﬁed to j + γ 5 ed
/2.
Notice that in an Uniﬁed Theory, with the characteristics introduced here, is reasonable the identiﬁcation
introduced in the previous step (F ↔ f ) in order
that the ﬁelds arise from the same geometrical structure (as is possible due to the U(2, C) fundamental
structure of the space-time, main ingredient of the
arising of matter from the geometrical structure of
the Manifold).
The concrete implications about this important
contribution of the torsion to the gyromagnetic factor will be given elsewhere with great detail on the
dynamical property of the torsion ﬁeld. We remark
only the following:
i) there exists an important contribution of the
torsion to the gyromagnetic factor that can have implicancies to the trouble of the anomalous momentum
of fermionic particles,
ii) this contribution appears (taking the second
equality of expression (11)), as a modiﬁcation on the
vertex of interaction, almost from the eﬀective point
of view;
iii) it is quite evident that this contribution will
probably justify the little appearance of the torsion at
great scale, because we can bound the torsion due to
the other well known contributions to the anomalous
momenta of the elementary particles (QED, weak,
hadronic contribution, etc),
iv) the form of the coupling spin-geometric structure coming from the ﬁrst principles, as the Dirac
equation, not prescriptions,
v) then, from iii) how the covariant derivative
works in presence of torsion is totally determined by
the G structure of the space-time,
vi) the Dirac equation (14) (where the second part
of the equivalence (11) was introduced coming from
the equation of motion), said us that the vertex was
modiﬁed without a dynamical function of propagation. Then, other form to see the problem treated in
this paragraph is to introduce the propagator for the
torsion corresponding to the ﬁrst part of the equivalence (11) written as follows:

Then, the formal Feynman propagator that we are
looking for is evidently such:



μ
Pμ − eA

2


1 μν
− m − eσ Fμν uλ −
2
2

1 5 μν
γ σ ∇μ hν uλ −
2d
1
μ Pν − A
ν Pμ uλ = 0,
− eσ μν A
2
−

(17)


 Δ
S (p) = iγ μ pμ γ μ − m + γ 5 γ μ hμ + eγ μ Aμ · ,
Λ
where we have deﬁned


Δ ≡ p2 − m2 + h2 + e2 A2 +


+ 2 γ 5 (p · h + mγ μ hμ ) + e (p · A + emγ μ Aμ ) ,

2
Λ ≡ p2 − m2 + h2 + e2 A2 + i −
 


2
− 4 p · γ 5 h + eA
− m2 h2 + e2 A2 .
This important possibility including several
processes of interest in modern physics (anomalous
momentum of the muon, velocity of the neutrino,
neutrino spin ﬂip, etc) will be studied soon elsewhere [5].
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