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Distribution of the roots of dispersion equation of the parametric Cherenkov radiation (PCR) excited by
uniformly moving charged particle in an ideally conducting metal waveguide filled with a spatially periodic layered
dielectric is studied. The study both in long wavelengths range and in the range of wavelengths comparable and
smaller than the period of non-uniformity is presented. It is shown that in the case of long wavelengths the
dependence of the frequency of the excited PCR on the particle velocity is monotonic. For the case of wavelengths
comparable and shorter than the non-uniformity period the spectrum of PCR is more complicated. Its characteristic

features are determined.
PACS: 41.60.-m

INTRODUCTION

The effect of electromagnetic wave radiation during
the motion of a charged particle at a constant velocity in
the metal waveguide filled with a spatially periodic
layered dielectric was first studied in the paper [1]. The
authors called this radiation as parametric Cherenkov
radiation (PCR). The results of the study of this
radiation are presented in voluminous literature (see, for
example, [2-11] and the literature cited therein).
Studying different aspects of the PCR, various authors
gave it different names — resonant transition radiation,
X-ray transition radiation, parametric X-ray radiation
and others. Since the general condition for radiation
occurrence is the periodic variation of parameters, we
will follow the name PCR.

Since there is no analytical solution of the dispersion
equation for PCR in an interesting for practical
applications wavelengths (comparable or shorter than
the non-uniformity period), the analytical expressions to
calculate the generated fields and radiation power of the
assumed microwave generator can not be evaluated.

In this work the analytical solution of the dispersion
equation for the PCR in a waveguide loaded with
layered dielectric in the wavelength range of
comparable and smaller than the non-uniformity period
along with the case of long wavelength range is
obtained and compared with the results of numerical
calculations presented in [11].

ANALYTICAL STUDY OF SOLUTIONS OF
THE DISPERSION EQUATION OF PCR

Let us consider layered medium involved alternating
layers of two homogeneous and isotropic dielectrics. In
each longitudinal period L=a-+b the first layer
0<z<a has dielectric and magnetic permeabilities
&, 4, the second layer a<z<b has permeabilities

&,, 4, . Dielectrics are in a cylindrical perfectly

conductive metal waveguide.
The frequencies of the electromagnetic radiation of a
charged particle, moving with velocity v in such

medium, are determined by the roots of the dispersion
equation [1]:

cos(kL/ ) —g(w) =0, 1)
where
g(w)=cos(pla)cos(pzb)—1(%+%jsin(pla)sin<pzb)

2\ P& Pis,
and the following designations are introduced

P, = \&uk? —k,2 is longitudinal wave number in the
first layer, p,=ymk?—k? is longitudinal wave

number in the second layer, k=alc, ki =a/R is
transverse wave number, R is waveguide radius, o is
n-root of the zero-order Bessel function, F=vic is
dimensionless velocity of the charged particle.

Since the equation (1) is a dispersion equation of the
radiation arising in the layered dielectric (medium with
periodically varying parameters), the frequencies
determined by the roots of this equation correspond to
the waves propagating in such layered medium.

It can be seen that the solutions of the dispersion
equation should satisfy the condition: —-1<g(y)<1.

It is easy to show that at ¢ —¢,, 1 —> 4, the

value 1{&+%J —1 and the equation (1) takes
P& P&,
the form
cos(wl /v)—cos(pL) =0. 2
The solution of this equation gives the condition of
the Cherenkov radiation of the charged particle at a
uniform motion through the dielectric waveguide filled
with homogeneous dielectric

ow=Kk\V, where k, =p =4fgluk2 -k (3)

Since we consider waves propagating in the
waveguide with dielectric disks, the function g(y) is a

real function of frequency and can be represented as the
sum of two cosines

9(w) =cos(pa+ p,b)-(1+5)—cos(p,b—pa)-5, (4)
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(P&, = P,8)°
4p.g, P&,

In the general case, the quantities p; and p, are
incommensurable quantities in the space of wave
numbers k. The function & in the expression (4) depends
in a complicated way on the parameters of the dielectric
waveguide and frequency. Therefore, as a result, the
sum of terms in the right-hand side of (4) cannot have a
common period and to study analytically the solutions
of the dispersion equation (1) is not possible.

But only in some special cases it may be done. For
example, in the case of sufficiently thin disks, when the
conditions pa<<1, p,b<<1 as well as kL/p<<1
(long-wave approximation) are satisfied, analytical
solutions of equation (1) can be found.

In this case, taking into account the quadratic terms
(p,@)°, (p,b)?, (KL/ B)?, the function g(y) is identical
to the expression

g(v/)=1—%[pfa2+ p,’b? +

and the dispersion equation (1) has a form [1]:
k* &

where S =

ab-(g”p,+e, pf)}

& &,

5 e Gk kD, (5)
P
where & — @tDeamety, (e +beyu,)
© (s, tham) " (a+b)

The solution of equation (5) explicitly establishes
the correspondence between the wave number k and
particle velocity g at fixed values of the parameters of

the medium and the diameter of the waveguide:
Bk e

k2,
e i S, T LR
Jeo ke, —k,* e -1\ &

As it can be seen from (6), there is a monotonic
dependence of the wave number k of the excited PCR
on the particle velocity g in the long-wave
approximation. In this case, PCR occurs when the
particle velocity is exceeded the threshold velocity

value B> f. =1/ [e, . Depending on the degree of

filling by the layers with a dielectric and the width of
the layers, the value ¢, lies within the range ¢, < ¢, < .

Fig. 1 shows the dependences of k() L on g for two
values of the spatial period of the disks
L-L=2.1-10"and 2.1-10% cm.

It should be noted, that as the layer width decreases
the usability condition for dispersion equation (5)
expands to the high-frequency area.

On the other hand, for sufficiently large values of

B=+

g -k*>>k? (i=12), up to quadratic terms
k? . . .
Lkz , the dispersion equation (1) can be represented
il

as:

cos(kL/ ) :cos[(m~a+ E7A ~b)k]-(1+5)—

—cos[(m-b— glyl~a)k]5, "
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1 (Ve &, _\fgz,uzgl)z
where 5§ == .
4 et €N Ea 1 8,
In this approximation the function g(y) is a
periodic one with two periods in the wave number k :

K = 2 K = 2 .
C Jamat e b ‘quzyz-b—ﬂfgl,ul-a‘
0.8
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Fig. 1. The dependence of k(/3)-L on particle
velocity g . For in=wm,=1, £=1.96, =4, k,=a/R,
R=3cm;a—L=2.1-10" cmata=1-10" cm,
b=1.1-10"cm; b - L=2.1"10% cm at a=1-10" cm,
b=1.1"10"cm
In this case, the term with the wave number Kk,
corresponds to the wavelength A, =ﬁa+ &, 10,
and the term with the wave number k_ corresponds to

the wavelength A4 =ngy2 b—\Jem -a‘.

Thus, in the case under consideration the dispersion
equation of the PCR (1) is a periodic function on k with
three spatial periods A, A_, 4, =L/S.

To explain the phenomenon of superposition of three
waves, we will find a solution of equation (7).

From the equation (7) it follows that for sufficiently
large values k it is satisfied at some fixed values k;,

where k. are the roots of equation (7). Since the
quantity & does not depend on k, then the possible

roots of equation (7) are those for which the following
identities are valid:

cos(kiL/ﬂ)zcos[(M.aJr o1, .b)kiJ:
:cos[(@-b—\/a-a)ki} ,

Thus, the solutions of equation (7) are satisfied at
the following relations between the arguments for all
equalities (8):

kL/p+2r] :(,fgl,ul RN A ~b)ki +27m=

, (9
:( fgzluz -b— €1M~a)ki+27rn ( )

where j, m, n are arbitrary integers.

Therefore, it is not difficult to find a relation
determining the values of a certain sequence of
solutions of the dispersion equation satisfying the
conditions (8):

ky =C(a,b,B,&,14) N,

(®)

(10)

N=(n-j).

T

where C(a,b,B,¢,, 1) = ———c—,
@b, f.e ) = =
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To verify the validity of the obtained solutions, it is
necessary to substitute the values of the roots from (10)
into the original dispersion equation (1) and find by
numerical analysis the values of N at which kis the
solutions of the original dispersion equation.

A numerical study of solutions of the PCR
dispersion equation and comparison of the analytical
solutions (9) of the dispersion equation (1) with the
results of its numerical analysis were carried out below.

NUMERICAL STUDY OF SOLUTIONS OF
THE DISPERSION EQUATION OF PCR

Graphs of the dependence of the function
D(k) =cos(kL/ B)—g()=0 on k and its spectrum
are presented by curves of Fig. 2, 7 for non-magnetic
media m=m;=1, £=196, &=4, a=1-10"cm,
b=1.10-10"cm, R=3 cm for two values of the particle
velocity =0.7 (see Fig. 2), £=0.58333 (Fig. 7). They
show, that the dependence D(k) is determined, as one
would expect, by the interference (beating) of three
cosine waves (see (1), (7)) at a wavelength 4, =L/

equal to the characteristic length of the cos(kL/ /)

term variation and the wavelengths A,, A,
corresponding to the characteristic lengths of g(w)
variation.

~
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Fig. 2. The dependence D(k)=cos(kL/ £)—g(y)
on Kk (a) and its spectrum SpD on A=27k (b) for
=0.7, k,=cu/R=2.404/3=0.80133 cm*

As can be seen from these diagrams, the
characteristic values of wavelengths 4., 4., 4_ for the
excited PCR found analytically coincide with sufficient
accuracy with their values obtained by numerical
analysis — 4., = 0.3 cm, A, = 0.36 cm, A_ = 0.08 cm.
Further, we assume that all spatial variables are
measured in cm and the wave numbers k —cm™.

To determine the spectral characteristics of the
radiation resulting from the interference of three waves
AL, A+, A, the distribution of the roots of the dispersion
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equation for the particle velocity $=0.7 was numerically
studied.

Fig. 3 shows the dependence of the sequence of
wave number values k; for the roots of the dispersion

equation D(k;)=0 as a function of the root number i .
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Fig. 3. The dependence of the sequence of wave number
values ki/2 z for the roots of the dispersion equation
D(k;)=0 of layered dielectric on the root numberi for

=07

From Fig. 3 it is shown, that there is a violation of
the monotonicity of following of the wave numbers
values k;, which consists in a periodic transition from
one straight line to another located below.

To clarify the nature of this nonmonotonicity the
dependence of the difference of neighboring roots of the
dispersion equation D(k)=cos(kL/ 3)—g(w) on the

values of these roots is presented in Fig. 4.

0 20 40 60 80 100 120 140k;/2T

Fig. 4. The dependences of the difference
Ak; = (k; —k;_,)/ 27 of neighboring roots of the
dispersion equation D(k;)=0 of a layered dielectric on
the values of these roots k; /27 for f=0.7

As it can be seen from this figure, a strictly periodic
alternation of the difference of the roots of the equation
(1) is observed. Besides, as the numerical analysis
shows, there is a peculiarity in the values of the roots of
this equation — almost coincidence of some two

neighboring roots at a level of order Ak, ~10™* with
values k near kss/272=50, K7,/27=100 and kyos/2 7=150.
With the same periodicity k/27=50 the remaining roots
of the dispersion equation alternate. At the same time,
as frequency increases, character of root following is
preserved.

Fig. 5 shows the dependence D(k, ) as a function of
the number N for the particle velocity £=0.7
obtained from the formula (2).

As can be seen from this figure, the values k, are
the roots of the dispersion equation (1) for the values
N=8, 16,24, .... At that, L/f—e,u, -b=0.08,
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C(a, b, B, &, tu)=12.57z In this case analytical roots
periodicity Kgait = 8C(a, b, 8, &1, )27 = 50, root
periodicity obtained numerically: kn,m ~49.99995
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Fig. 5. The dependence D(ky) as a function of the
number N for =0.7

Thus, the values of the roots of the dispersion
equation (1) obtained by the formula (10)
kn=C(a, b, 5, &1, tn)'N correspond with a sufficient
degree of accuracy to the values of the roots obtained by
numerically  solving this  equation:  Ky=g = Kag,
Kn=16 = K72., Kn=24 = Ky0s. Note, that with increasing the
number N the accuracy of calculating the expression
(10) increases and the relation between the roots follows
exactly the relations for periods 4., A+, A_:

A, pa+p,b kL/pg A A, pa+pb

A pb-pa’ pb-pa A1 '4 kL/g
This is confirmed by the data given in Fig. 6.
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Fig. 6. The dependence of relations 1./1_=4.5,
AlA=3.75 and A./A,=1.2 upon roots ki/2 z for p=0.7

[y

From the relations for periods A, 4., A_ it follows
that, it is possible, for example, to superpose the periods
A and A, by varying the particle velocities. So, at

K =0.5833333,

kL>>1 and the particle velocity S =
pa+p,b
these periods are equal 4,=A,.

It follows from Fig. 7 that wavelengths A, A.
coincide — 4,=1,=0.36, 4.=0.08.

As it follows from Fig. 8, there is a strictly periodic
alternation of the difference of roots of the equation (1).
It should be added that the numerical analysis shows
almost of some two neighboring roots with an accuracy
of the order Ak; ~1072.

The dependence D(ky) as a function of the number N
for a particle velocity £=0.58333 obtained by the
formula (10) is presented in Fig. 9.

As it can be seen from this figure the values k, are
the roots of the dispersion equation (1) for the values
N=7, 14, 21,... At that, L/fB-eu, -b=0.14,

C(a, b, B, &1, 11)=50n/7. In this case analytical roots
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periodicity «,.,,, =14C(a,b, 8, &,,14)/27 =50 of root

is equal to periodicity obtained numerically: kym =
49.99995.
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Fig. 7. The dependence D(k) =cos(kL/ ) —cos()
on k=alc (a) and its spectrum SpD (b) on A=27/k for
$=0.583333, k,=a/R
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Fig. 8. The dependence of difference
Ak; = (k; —k._,)/ 2z of neighboring roots of the

dispersion equation D(k;)=0 on the values of these roots
k; /2 for -p=0.58333
Thus, the values of roots of the dispersion equation
(1) obtained by the formula (10) ky=C(a,b, 5 &, )N
correspond with sufficient degree of accuracy to the
values of the roots obtained by numerically solving of
the equaﬁon (l) kN=7: k36| kN=14: k72, kN=21: k108- At
that, the relation between the roots exactly follows the
relations between the periods of the waves A, A, A_:
AdA=4.5, 1A =1.
Calculations show that with increasing frequency, the
character of following of the roots is preserved.
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Fig. 9. The dependence D(ky) as a function of number N
for-=1/c=0.58333
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CONCLUSIONS

Thus, as a result of the analytical and numerical study
of the dispersion equation of the PCR of a charged
particle moving along the axis of an ideally conducting
metal waveguide filled with a spatially periodic layered
dielectric, the following conclusions can be drawn.

1. In the range of wavelengths greater than non-
uniformity period (kL/p<<1) the frequency of PCR
depends monotonically on the particle velocity. Under
condition kL/g>>1, at fixed particle velocity g, spectrum
of PCR is discrete. The dependence of values of the root
sequence of the dispersion equation on the root number is
non-monotonic. In this case, the difference of the roots of
dispersion equation alternate with a certain periods, the
values of these periods are determined numerically.

2. The analytical solution of the dispersion equation
of the PCR at & -k®> >>k > was obtained and the

periodic discrete nature of the spectrum caused by the
presence of three groups of wave numbers in the
dispersion equation (8) was revealed. The values of the
roots obtained analytically are in good coincidence with
the values of the roots determined numerically.

3. A peculiarity in the values of the neighboring roots
of the dispersion equation — the coincidence of some two
neighboring roots at the level of the order Ak; ~10™° was

found.
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O PACIIPEIEJIEHMM KOPHEM JUCITEPCUOHHOI'O YPABHEHHUS TAPAMETPUYECKOI'O
YEPEHKOBCKOI'O U3JIYYEHUA

B. U. Tkauenko, U.B. Tkauenko, A.Il. Toncmonyscckuii, C.H. Xuxncnax

HUccnenyercs pacnpepencHue KOpHEH OHUCIEPCHOHHOTO YPAaBHEHHUS MapaMETPUUECKOro UYEpPEeHKOBCKOTO
m3nydenus (ITUM), Bo30y»)1aeMoro paBHOMEPHO JABIDKYIIEHCS 3apsDKEHHON 4YacTHIEH B WAEANBLHO MPOBOSIIEM
METAJUINYECKOM BOJIHOBOJIE, 3allOJIHEHHOM IPOCTPAHCTBEHHO-TIEPUOIUYECKUM CIIOMCTBIM AMAIEKTPUKOM Kak B
00J1acTH JUTMHHBIX BOJH, TaK U B JUANa30He UIMH BOJH, COTIOCTABUMBIX M MEHBIIUX, YeM MIEPHOJI HEOJHOPOIHOCTH.
Iloxasano, 4TO B ciy4ae AJMHHBIX BOJH 3aBUCHMOCTh 9acTOThl Bo3Oyxkmaemoro ITYM oT ckopocTH dYacTHIIBI
SBJSIETCS. MOHOTOHHOW. B cirydae IMH BOJH, CPaBHUMBIX U 00Jiee KOPOTKHUX, YEM MEPHOJT HEOTHOPOIHOCTH, CIIEKTP
ITYU Gonee cnoxxHbIi. OnpeneneHsl ero XapakTepHble 0COOEHHOCTH.

PO PO3MO/AL]I KOPEHIB JUCNEPCIMHOT O PIBHSIHHS TAPAMETPUYHOI'O
YEPEHKOBCBKOI'O BUITPOMIHIOBAHHSA

B. I. Tkauenxo, I.B. Tkauenko, O.I1. Toncmonyyccokuii, C.M. Xusicnak

JocmijkyeTbcst  pO3MOALT  KOPEHIB  JUCHEpPCIHHOTO  pIBHAHHS — NapaMeTPUYHOTO  YEepPEHKOBCHKOTO
BunpominioBanus (ITUB), 30ymkyBaHOro 3apsyKEHOIO YAaCTHHKOIO, IO PIBHOMIPHO PYXa€TbCS B 1/1€aJIbHO
MPOBIJHOMY METAJEBOMY XBHJIEBOJI, 3alIOBHEHOMY IPOCTOPOBO-NEPIOMYHNM HIAPYBaTUM II€JIEKTPUKOM SIK B
00acTi JOBrMX XBWJIb, TaK 1 B Jiama30Hi JOBKWH XBWJIb, MOPIBHSHHUAX 1 MEHINUX, HIK HEpio]] HEOJHOPITHOCTI.
[okazaHo, 1m0 y BUMNAAKY JOBTHX XBWJIb 3aJISKHICTh yacToTH 30ymkyBaHoro ITUB Bix IIBHAKOCTI YaCTHHKH €
MOHOTOHHOIO. Y BHIAJKy JOBXHH XBHIJIb, HOPIBHSHHUX 1 OUIBII KOPOTKMX, HIX TEpioj HEOIHOPIAHOCTI, CHEKTp
ITYB 6inemn cknanuuil. BusnadeHi fioro xapakTepHi 0COOIHBOCTI.
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