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The parabolic Ishimaru equation for the electromagnetic field coherence function, which describes the temporal
properties of pulse at the output of inhomogeneous non-dissipative medium, is considered. The generalization of the
approach used in the Ishimaru model to describe the temporal evolution of the envelope of the monochromatic elec-
tromagnetic video-pulse in homogeneous non-dissipative media is generalized to the case of non-homogeneous non-
dissipative media. An attempt was made to take into account the influence of the inhomogeneity of the medium on
the shape of the resulting pulse. An explicit expression for the Green's function of the problem is obtained and num-
ber of numerical experiments are carried out. The paper studies the invariant longitudinal (temporal) properties of
the envelope of monochromatic electromagnetic pulses recorded after passing through flat layer of the scattering
inhomogeneous medium, i.e. properties that remain unchanged when the environment parameters vary. Examples of

numerical experiments are given.
PASC: 29.17.+w

INTRODUCTION

The problem of the shape of a pulse propagating in an
inhomogeneous and nonabsorbing medium of a scatter-
ing type will be posed and considered. In this work, an
electromagnetic pulse in the form of S-function with re-
spect to the direction of propagation was used as the ini-
tial one. Thus, we are talking, in essence, about the
Green's function of the problem under consideration. The
pulses pass through layer of thickness L containing scat-
tering centers with an arbitrary concentration profile p(z)
along the propagation axis z, while the scattering itself is
considered to be small-angle [1, 2]. The following as-
sumptions will be made in the review:

— the initial (starting wave) is flat;

— the characteristics of the environment, being varia-
ble in space, are unchanged in time; these characteristics
will be assumed to be known;

— spatial characteristics of the medium are azimuthal-
ly symmetric with respect to the direction of radiation
propagation;

— the considered radiation is monochromatic wave
with an impulse envelope.

The third assumption means that the characteristics
of the medium are changed by layers parallel to the
front of the original plane wave. Although it is possible
to consider the more general case, we restrict ourselves
to this assumption below.

The paper considers the temporal properties of the
envelope of monochromatic electromagnetic pulses rec-
orded after passing through the flat layer of inhomoge-
neous scattering medium. In this case, special attention
is paid to such properties that can be called invariant,
i.e. on properties characteristic of all considered media.
Thanks to the information about the invariant properties,
it becomes possible to additionally check the conformity
of the experimental data and their interpretation, which
is not related to the specific parameters of the distribu-
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tion environment. Such properties of the transfer func-
tion as positive definiteness, vanishing at the beginning
of the pulse and on its periphery, the uniqueness of the
maximum and the presence of only two inflection
points, are qualitative features and are easily identified.

The problem of the Green's function of medium con-
taining scattering centers can be classified as classical.
Various physical and computational aspects of this
problem have long been discussed [1 - 7]. The equations
that describe the propagation of impulses are very com-
plex, so obtaining sufficiently complete analytical solu-
tions to the problem posed is a matter of the future. As a
rule, publications give exact expressions for the first
statistical moments of the pulse envelope or some ex-
pressions that are valid within the chosen approxima-
tions. The available exact analytical expressions are
presented mainly in the form of path integrals and/or
expansions into infinite series. In those works where the
analytical solution of the problem is given in explicit
form, it, as a rule, refers to simplified models.

The purpose of this work is to study the invariant
temporal properties of the envelope of monochromatic
electromagnetic pulses recorded after passing through flat
layer of scattering inhomogeneous medium, i.e. proper-
ties that remain unchanged when the parameters of the
medium vary. Particular attention is paid to the longitudi-
nal (temporal) dimensions of the resulting pulse, which
determine its resolving properties. Various numerical
methods are often used to solve the initial equations.

STARTING POSITIONS

Below, the problem of the shape of pulse that propa-
gates in inhomogeneous and nonabsorbing medium of
scattering type will be posed and considered. Let us
discuss the above assumptions and the restrictions aris-
ing from them on the range of applicability of the result-
ing expressions. In the linear approximation, the initial
I (t) and the pulse at the exit from the medium 1(t)
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are related by expression [1 - 3] and can be determined
from I, (t) the form I(t), if the Green's function

G(t-t") is defined:
1(t) =jG(t—t’)Iin(t')dt’ . (1)
Let us proceed to the formulation of the initial equa-

tions. The desired Green's function is the Fourier trans-
form of the two-frequency coherence function T :

G(t) = %J.F(a)d Yexp(—iw,t)da, . @)

In turn, for the function in the considered physical
situation of propagation of the plane electromagnetic
wave in the diffusion-scattering non-absorbing medium,
we have [1, 2]

N 2 V(s ey
[z+|aﬁ+b(z)r JF(z,r,a)d)_O. 3)

Here a=k,/2k?; K is the wave number of propagating
monochromatic wave; k, =@, /c; ¢ is the speed of light;

b(z) = (4,) " p(2)o, (2)K*, (4)
where p(z) is the concentration of scattering centers;
o,(2) is the scattering cross section; «, is the scatter-
ing angular parameter; the longitudinal propagation
coordinate z and the transverse vector r are given as
arguments of the coherence function T".

Eq. (3) is the partial differential equation of parabol-
ic type with potential

U(z,r)=b(2)r*. (5)

Its steepness depends on the coordinate z, and the

initial condition T'(z=0,r)=1, which provides the
Green's function property G(z—t")__, =o(t—1t").

Eq. (3) belongs to the class of Hill's equations and,

in the general case, its analytical solutions for a poten-
tial U(z,r) of an arbitrary form cannot be obtained.

Therefore, it turns out to be essential that for the poten-
tial of the quadratic form (5) it is possible to construct
an approximation solution for the Green's function
G(t).
EQUATIONS FOR THE COHERENCE
FUNCTION

Consider a scattering layer whose thickness (along
the axis z) is equal to L. Let's split the length L into

N segments {A, }: L=Z:11An. Let the quantities
p(z) and o,(z) be given. Let us choose segments
A,=12,-7,, and denote b =b(z,), p,=p(z,) and
o, =0,(z,). Keeping in mind the case N >>1, let us
replace in the potential U(z,r) all the values lying in-
side each n" segment by the value U(z,,r), where

Z,= ;zlAm is the right boundary of the segment.
The potential U, (z,r) thus obtained will be used

below in the approximation Eq. (7). Now let us approx-
imate the solution of Eqg. (3) by the function
I', (z,r;m,), which is the solution of the equation with
piecewise-constant expression U, (z,r) for the poten-

tial U(z,r)

o . 0° N
[EHaWJrUN(z,r)jFN(z,r,wd)_0, (6)

with condition T' (0,r;@,) =1. If a solution to Eq. (6)
is found for I', then the desired coherence function

will follow from it in the limit at N —oo. Eq. (6) is
equivalent to the sequence of equations (n=1,...,N)

[i+iaﬁ—2+u (z r)]l" (z,r;0y)=0, (7)
oz ord s
whose solutions are determined by the initial condition
I'y(z=0,r;@,)=1 and the chain of boundary condi-
tions vy, ,(z,)=V,(z,), where y (z) is the function
I'y(z,r;@,) onthe n" segment.

Let us turn to the solution of the expanded system of
Eq. (7). For this purpose, consider an arbitrary n™ seg-
ment. In this section, the potential U, depends on coor-

dinate  z, as parameter U, (zr)=b(z)r* =b,r?,
b, = (4a,) " p(z,)0,(z,)k*. Thus, each of Eq. (7) is the

parabolic partial differential equation with piecewise
constant potential. We will look for the solution of the

n" equation on the interval (z, ,,z,) in the form
1 2
I (z,ro,) =——¢ex re|. 8
2 (2.1 0,) 0 pla(@)r’ ] ®)

This form of the desired solution is due to the para-
bolicity of the potential in r. From (7) and (8) the fol-
lowing equations follow for the introduced functions
f(2) and g(2):

1 df(z) . _
_%T+4lag(z)—0, (9a)
‘d%_(zz) +4iag®(2) +b, =0. (9b)

Consider the second equation from system (9). Let
g, =9(z,), then for all n the solution of this equation

with the initial condition g(z,,)=g9,_,, at its right end
has the form
0, —(4ia/b)) ™ tg(,[4iab, A,)
"1 @iab, )" g, , to(/Aiab,A,)
The function f(z) is found from (8) with the initial
condition f(z,,)=f, ., where f_, is the value of the
function f(z) at the right end of the previous (n—1)"
section, and at its right end it has the form
f, :[cos( 4iabnAn)+ 4ia/bngHsin( 4iabnAn)} f,. (11)
So, the coherence function
z=1z, =L isequal to

(10)

I'y(z,r;e,) for

M@orio) = —ep@r),  (12)
N

in this case, the sequences { f, } and {g,}, 1<n<N,

are determined from recurrent relations (10) and (11), as

well as initial conditions f,(0)=1 and g,(0)=0. In

particular, at the reception point, when r=0 and

z=L, we have

Iry(Lre,)= (13)

1
fu(zy)
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GREEN'S FUNCTION

Let T, =L/c the propagation time of the initial

point of the pulse. Then the impulse response function
(Green's function) is as follows

1 % exp(—ia)d (t—TL))

Gy)=2 [ ——
2rd (o)

in this case, the dependence of the function

fy = fy (@, @) both on the difference frequency (inte-

gration variable) @, and on the frequency @ of the

monochromatic pulse is indicated.
From the recurrence relation (11) it follows

fy =ﬁ[cos(\/4iabnAn)+\/4ia/bngnflsin( 4iabnAn)} .(15)

A;;Lme that the function b(z) is smooth. Then from
(14) it —Jdia/b A,
tg(p,) =+/4ia/b,g,, which leads to the equality,
g =—>. \J4iab, A

n n’?

1 N
Oy ——th(zjl

Substituting this expression into relation (16), we
successively find after simplifications

" =cos(z:'=1 4iabnAn).

0,0 )(Ber,C) =p(z,)
and o, =o,(z,), then for the desired Green's function
we obtain

da,, (14)

follows ¢, = where

therefore

diabA,).  (16)

(17)

Since ab, =(p, , where p,

G _ 1 exp(—ioy; (t-T,))

27 cos(\/@iAm /(pnon)/(Zapc)J
J%%Mmﬁ,me

N —o goes into the integral
¥ = (20,0, JP@e @ oz,

< exp(—io, (t-T,
G(t)—— p( a)u-( L))
2 =, cos.fiw,T
ment @, =is, we finally obtain the desired expression
for the Green's function, which formally coincides with
the well-known solution of the Ishimaru equation [1] for
homogeneous scattering media

G(t)_im exp[s(t— T)]

27i 4, chst

This expression depends on two parameters T, and

7. The first of them is responsible for the arrival time
of the pulse as whole and is equal to the ratio of the path
length L to the speed of light c. The second describes
the pulse broadening. Let us give one more representa-
tion for the Green's function

sly-—L_ ] 2Rl

o chn
U p(z)a(z)dzj. (20b)
c

dao, - (18)

In the expression 7*2 Z
sum in the limit

which gives

dew, . Using the replace-

(19)

dn, (20a)

2rit

T =L/c, 7= !
2c

p“\ 0

The obtained formulas (19), (20a), (20b), differ from
the well-known result of Ishimaru [1] in that they are
valid for inhomogeneous media.

PHYSICAL INTERPRETATION

An impulse with a given time dependence I, (t)

will correspond to impulse at the exit from the medium,
described by the expression

" exp[st—t'-T,)]
1(t) = mj%mml - ds.

To construct the asymptotic of the form 1(t), we
consider Eq. (19) in which we set [, (t") =45(t'), that is,
consider the Green's function

I@U:%Lwﬁﬂ—$ﬁﬁ@ﬂh

(21)

(22)

where §(2)=(1+exp(—2\/27))71, that is, further, the

Green's function will be counted from the moment of
departure from the scattering layer. The main contribu-
tion to the integral (22) is due to the exponential kernel

exp(/lt—\/ﬂ,r). Let the relation hold for some variable

JA7 =1 . We use the variable 7 as the new integration
variable and form the perfect square in the exponent

I(t,L) = %fc eXp(LGzg— Lﬂje"(ﬂ)ndn . (23)

where £’'(n) is the value of the derivative of the func-
tion &'(A) in new variables. In the framework of the
approximate integration used, its estimate is &'(r7) =1,
so we find

t
I(t,L) _—j exp(z ——zjzdz (24)
T
then, after integration, we approximately obtain the as-
ymptotic expression for the Green's function'

It L) = , ep——

which can also be used in the special case of narrow
scattering layer. The found form reflects the integral
effect of the trajectory formation in the process of mul-
tiple walks in the scattering layer of thickness L.
Expression (25) is normalized to 1, that is, it can be
considered as distribution density, but it does not have
statistical moments. To obtain them, we assume that the
starting impulse reached the plane z=0 at the time
t =0. Propagating in a scattering medium, it will leave
the plane z =L, after which it will have the shape I(t) .

Let us analyze the parameters of this pulse. We deter-
mine the wvalues of its first three moments

<t”>L =J'Owt”l(t,L)dt, n=0,1,2. In this case, we as-
sume, without loss of generality, that the starting pulse

has stored energy numerically equal to unity. The mo-
ments of interest to us will be counted from T, =L/c:

. 1
(t-T)") = > M_SO

(25)

(26)
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Taking into account the assumption about the unit
energy of the starting pulse at n=0 for the zero mo-

ment, we find (1) =1, which corresponds to the ac-

cepted model of radiation propagation without absorp-
tion. Next, from (21) we obtain

<t _TL>L = %T+<t'>o !
whence it follows that the moment of its arrival, averaged
over the impulse, is equal T, +7/2, taking into account
the first moment (t'), of the starting impulse. Finally, at

(27)

n =2, we find for the average pulse duration |, /DL

D, =((t-T.)%), :%ﬁmo, (28)

where Q/Do is the average duration of the initial pulse.

Thus, the quantity 72/6 is added to the dispersion D, .

The pulse duration reflects variations in the concen-
tration of the scattering medium, and if the initial pulse
is the J-function, I, (t")=05(t"), then as the result of
propagation in the scattering medium, its average dura-
tion will be

1 L 2
B =B == (] (@Dt . @9)
@apc 0

In the particular case of the medium homogeneous

along the axis z, when p(z) and o(z) are constant,

we obtain ,/DL :(paSLZ)(\/ﬁapc)’l, i.e. here, the aver-
age pulse duration grows in proportion to the square of
the flight distance L [1].

In view of the significant variety of options for the
parameters of the scattering medium, we will carry out
numerical simulation using relative values. As the work-
ing formula, we use the following

1% < exp[iu(t—t')
It L=—| I t)dt'| ————=
L= [ @ [ ="

] 30
] N du, (30)

Niz)

0 2 4 6 8 10
A

where L is the length of the path traveled by the front of
the probing pulse to the moment t, and the pulse itself
will be of the Gaussian form with dispersion 6 :

1 t/Z
I, ({t)=—exp| —— | (31)
0= p( 252]
As the effective variance o , we choose
L 2
5:(j0 N(z)dz) , (32)

where, in accordance with (20b), N(z) is the effective
density of medium scattering centers.

To construct numerical examples, we choose the
Gaussian distribution (31), which has a dispersion
6 =0.075, as the shape of the probing pulse.

On Figs. 1-5 show examples of the formation of 5
scattered wave plumes at selected distances in the ab-
sence of scattering centers and in the case of their pres-
ence in the interval.

In the first case (Fig. 1), there is no scattering medi-
um and the starting pulse propagates without changes as
whole.

In the second case, various types of scattering layers
are considered. On Figs. 2-5 shows the dynamics of the
formation of temporary trails of the scattered wave, in
which the tail is located in the peripheral time region t.
The tail formed behind the wave front is the longer, the
greater the effective dispersion z, which in turn is de-
termined by the effective density of medium scattering
centers N(z).

From the family of curves I(t,L) shown in Figs. 1-5,
it can be seen that they have the Laguerre property [7],
namely: the function I(t,L) is identically equal to zero at
t=0 (fluctuation region), the function I(t,L) has one max-
imum and two inflection points (main region), the func-
tion I(t,L) has exponential asymptotic at t (peripheral
region). Note that formulas (19) and (30) imply the pos-
sibility of considering different types of dependences of
the concentration and scattering cross section on the
current coordinate z.

Fig. 1. Scattering zone profile and a family of time pulses I(t,L); N(z)=0

N(z)

0.5

0 2 4 4 8 10
Z

Fig. 2. Scattering zone profile and a family of time pulses I(t,L); N(z)=1.0 on the interval 1.5<2<2.5
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N(z)
i

0 2 4 6 8 10
Z

Fig. 3. Scattering zone profile and a family of time pulses I(t,L); N(z2)=0.5 on the interval 1<z<3

I(t,L)

0 2 4 'fsz's 10

Fig. 4. Scattering zone profile and a family of time pulses I(t,L); N(z)=0.5 on the interval 1.75<2<2.25

I(t,L)
Niz)

0 2 4 6_8 10
z

Fig. 5. Scattering zone profile and a family of time pulses I(t,L); N(z)=0.1 on the interval 1<z<3

CONCLUSIONS

Note that the proposed approximation approach in
studying the processes that affect the temporal delay of
electromagnetic pulses can be developed by taking into
account the attenuation of radiation during its propaga-
tion in an inhomogeneous absorbing medium [2, 3]. In
this case, the absorption term in the parabolic equation
(3) will serve as the mathematical basis, while the coef-
ficients in the equation may depend on the longitudinal
coordinate z . We also note that the analysis of the evo-
lution of the shape of a time pulse during its propagation
makes it possible to judge the spatial distribution of the
characteristics of the scattering medium along the prop-
agation axis.

During the propagation of electromagnetic radiation,
numerous breaks and branches of the trajectories of
wave rays occur, which affects the length of their trajec-
tories. The shape of these trajectories is determined by
the distribution of scattering centers of the medium, and
their length is random. Therefore, the distribution of the
video pulse I(t,L) is the path integral average in the
functional space of trajectories.
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AHAJIITUYHI TA YUCEJILHI PIEHHS ITAPABOJITYHOT' O PIBHAAHHS ICIMAPY JIJISI ®YHKIIT
KOI'EPEHTHOCTI EJIEKTPOMATHITHOTI'O ITOJISA, IO OITUCYIOTHh YACOBI BJIACTUBOCTI
BIZEOIMITYJIbCY HA BUXOAI HEOJHOPIJHOI'O HEJUCUITATUBHOI'O CEPEJJOBHUIIIA

0.C. Masmaniweini

PosrnsiayTo mapabomiuHe piBHSHHA IciMapy miast QyHKINT KOTEepEHTHOCTI eIeKTPOMAarHiTHOTO TIOJIA, IO OMHCY-
IOTh YacOBI BIIACTHBOCTI IMITyJIbCYy Ha BUXOM1 HEOAHOPITHOTO HEAMCHUIATHBHOTO cepenoBuma. OTprUMaHO y3arajb-
HEHHS MiJX0/1y, BUKOPHCTAHOTO B MoJieni [ciMapy Juist onucy 4acoBoi €BOJIIOLIT MOHOXPOMaTHYHOTO €JIEKTPOMAarHi-
THOTO BiJICOIMITYJIbCY, III0 OTMHAE, B OJHOPIHUX HEIUCUIIATUBHHUX CEPEAOBHIIAX HA BUIAJOK HEOJAHOPITHUX HEAH-
CHIIATHBHUX CEpeloBUI]. BpaxoBaHO BIUIMB HEOJHOPIMHOCTI CepeloBUINA Ha (OPMY PE3yJIbTYIOUOTO IMITYJIbCY.
OtpumaHno siBHHI Bupa3 yHkuii ['piHa 3amadi Ta MpoOBEJCHO HU3KY YUCEIBHUX EKCIIEpUMEHTIB. BuB4ueHo iHBapiaH-
THI 4YacoBi BJACTHBOCTI OTMHAIOY0i MOHOXPOMAaTHYHMX EJEKTPOMArHiTHHX IMITyJIbCIB, IO PEECTPYIOTHCS MiCIs
MPOXOKEHHS Yepe3 IUIOCKHUH IIap pO3Cil0I0Y0ro HEOIHOPIJHOTO CepelloBHUINA, TOOTO BIACTUBOCTEH, IIO 3ajMIIa-
IOTHCSI HE3MIHHUMH TIPH Bapiallil mapaMeTpiB cepenoBuiia. HaBemeHO IpHKIIaIi 9UCETPHUX EKCIIEPUMEHTIB.

ISSN 1562-6016. Problems of Atomic Science and Technology. 2023, M 6(148) 57



