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Using the solution of the Lame problem, we analyzed the stress-strain state (SSS) of a cylinder made of carbon
forced carbon composite material (CFC) for the case of fixed ends. It is shown that the thermal stress safety factor is
close to four. In addition, an engineering analysis of the strength of CFC cylinder due to possible shrinkage of the
fibers was carried out in the work. It is shown that the safety factor is equal to 0.386 and can be the cause of the

destruction of the CFC during manufacture and operation.

INTRODUCTION

Carbon-carbon composite materials of a cylindrical
shape, when manufactured by the method of
thermogradient gas-phase compaction, are under
conditions of uneven heating along the radius, when the
temperature inside the cylinder is maximum. The
reinforcement directions coincide with the three axes of
the rectangular Cartesian coordinate system. The paper
proposes to use the solution of the Godolin-Lame
problem [1] to analyze the stress-strain state of such
cylinders when their ends do not have axial
displacements. The article [2] provides a complete
solution of the Lame problem for a composite, on
average, isotropic cylinder with a polymer matrix that
has a nonlinear physical law for optimal filling of it with
reinforcing fibers. The paper [3] presents the initial data
and the results of calculations of cylinders made of CFC
— elements of molds as isotropic materials, taking into
account plastic deformation by the finite element
method. Article [4] describes the technique and results
of tensile testing of high-modulus single carbon fibers
impregnated with a thermoplastic matrix solution. The
tensile strength of the fiber type T700SC, UMTA49,
UMTA400 is 4.9 GPa.

Figs. 1 and 2 shows a thick-walled cylinder in the
polar coordinate system r, 6, z, which is in a plane stress
state. Mechanical stresses o, , oy, o, , acting on planes

with normal r, 6, z, will be the principal stresses.

RESULTS AND DISCUSSION

1. THERMAL STRESS OF A CYLINDER
MADE OF CFC

For the case when the temperature changes along the

radius of the cylinder according to a linear law:
() =T2=", &)
h-n

where T =t —t,; t; and t, — are temperatures on the

inner and outer surfaces of the cylinder, respectively,
mechanical stresses can be calculated using the
formulas [1]:
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where « is the coefficient of temperature linear
expansion of the material (CTLE); E is the modulus of
elasticity; u« is the Poisson's ratio of CFC, which
correspond to the average temperature of the wall. Let’s
take into account that 1, is a lot less than I, , and it’s not
too much impact on the result. We can’t accept that
r, =0 because according to [1] radial displacement is:

r

where C;, C,, are the constants of the solution
equation integration of the Lame problem. When
substituting r=0, we get infinity, that is, the Lame
problem is solved not for a solid, but for a thick-walled
cylinder.

Fig. 1. General view of the CFC cylinder
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Fig. 2. Calculation scheme of the cylinder

To calculate the axial stresses o, for the

temperature distribution (1), we find in (4) a definite
integral:

"2 3 a2 3
jat(r)rdr —u T | =31 +20
nL-n 6

n
and substitute into (4) the expression for ¢, through
Hooke's law:

1
& :E(az — Uo, —,uag)+ at(r) =const .

Then we obtain a linear equation with respect to,
from which we have:

4=0.19 of CFC are taken as in [3]; also in the
calculations were taken: t; = 1500 °C, t, = 1000 °C, r; =

2mm, r,=130mm, «=3-10° 1/deg. Tensile
strength [o+]B =110 MPa, strength
[a,]B =100 MPa [3]. Fig. 3 shows the distribution of

the stress tensor components along the radius of the
cylinder. In the distribution of the considered
temperature, the most loaded is the inner surface of the
cylinder. Maximum circumferential stress takes place at

r=n o,=-22.05MPa axial stress o, = —-31.15 MPa.
Stress intensity is given by:

1
0; = \/E[(Gl _0'2)2 +(O-2 _03)2 +(G3 _01)2:| =21.TMPa,

where oy =0, g, = —22.05 MPa, 03 = —31.15 MPa.

According to the Coulomb-Mohr strength criterion
[3] for brittle materials, the stress intensity should be
less than the tensile strength limit:

o, =27.71MPa < [0'+]B =110 MPa.

compressive

(6)

Table 1 shows the results of calculations of the
principal stresses of the cylinder on its inner surface at
different values of r,. The obtained data show that the
stressed state of the cylinder does not change
significantly with the increase of r,, which coincides

with the data known for the case of loading the cylinder
with internal pressure [1].

Table 1
Stress on the inner surface of the cylinder at different
values of the outer diameter

-r'“'b”

EaT 1) —3r%r, + 217 Stress, MPa
O'Z:O'r-i-o'g— @ 2 122 1 . (5) rz,mm
3 (p-n)(rp+n) Or %9 %
Expression (5) is expression for calculating the axial 130 0 -22.05 -31.15
stress o, for the cas:e w_hen .the ends of the cylinder 220 0 9912 31.20
cannot move in the axial direction.
Consider practical numerical examples. The values 350 0 -22.16 -31.21
of the elastic modulus E=18 GPa and Poisson's ratio
a , MPa
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Fig. 3. Distribution of stresses o, , 0y, o, along the radius of the cylinder
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To determine the displacement, we will use the
formula [1]:

ll+ﬂ.[dt(r)rdr+clr+c— @)
r
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where C; = Im(r)rdr HE,

-’ 4

1 r?
C,= i+tu n

jat(r)rdr
1-u r2 _r1 "
After calculating the integrals in (7), we obtain:
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6(1— 1) (r, - rl)2 (r,+n)
@+ )2 aT (r23 -3, + 2r13)
(1_/”) (rz - r1)2(r2 + rl) l
The calculation confirms that &, does not depend
on the radius; it was also established that the value
HE, = 459.107 is three orders of magnitude smaller
than C, = const = 2.31-10*
Fig. 4 shows the distribution of radial displacements
along the radius. Analysis of the graph shows that all

movements are positive, the minimum and maximum
values are:

u|r:r1 =1.207-10° m, u|r:

+C; r+ 2 (8)

—HEL,

C2:

=7.846-10°m.
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Fig. 4. Distribution of displacements u along the radius

To take into account the thermal expansion of the
cylinder at the direction of axis z, we will use [5]:

aATI
NzT = ﬁ' (9)
- 4+
EF C
where tl“;t =1250°C, 1=1.09m, cross-

sectional area is F =0.053m?, current supply spring

stiffness is C =2-10 “H/m. With such data, we get that

the axial force has a very insignificant value
=8.175 H, which can be ignored in the future.
Safety factor:

77=|0+|B 10 59751
o, 27.7

1

2. STRESS-STRAIN STATE OF A CYLINDER
MADE OF CFC DUE TO POSSIBLE SHRINKAGE
OF THE FIBERS

When creating high-temperature composites, there is
a rule: “the temperature of the final processing of the
fiber should not be less than the working temperature of
the composite”. This is due to possible changes in the
structure of the fibers under the influence of high
temperatures, leading to shrinkage. Also, a similar effect
can be observed during prolonged exposure of the fibers
at temperatures lower than but close to the final
processing temperature, or may be due to radiation
exposure, etc [6]. For products with a diameter of about
260 mm, the shrinkage is §=05...1%= 0.65...1.3mm.

Let us find out the stress-strain state of the cylinder,
which is caused by external pressure p,, which causes

displacement on its outer surface 6 =0.5% =0.65mm,
To do this, we write an expression for displacements on
the outer surface of the cylinder under external pressure
[1] and equate itto o :

U= (= p2)rs [(l

)2+ p2]=5. (10)

Elrf —r?

From here we find that
-3
o, =8~ 085 10° e p,

A -5.85-10

where
-t (- u)r? + (1 )2 = -5.85-10 T m’
E(r;-1)

For a cylinder loaded with external pressure
p,=111.05 MPa, the components of SSS are
determined by formulas [1]:

2 2
ry | T,
o= 2 22[12— }; (11)
ry—n°|r
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ry |r,
of =Pl {12+ } (12)
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The results of calculations according to formulas
(11), (12) are shown in Fig. 5. The greatest stresses that
arise act on the inner surface:

o, =-222.15MPa.
o, MPa
0

r, mm
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Fig. 5. Stress distribution due to shrinkage along the
radius of the cylinder

Let us find out the ultimate stress in an CAC element
with dimensions of 1.5x2.5 mm, if the tensile strength

of the fiber [0'+]B: 2 GPa, the fiber thread contains
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N=2x6-10° microfibers, and the diameter of one
microfiber is d, =6-10° m. Then the area of one
microfiber:
2 7-(6:10°)
g =fm_— V)
4 4

Area of carbon fiber thread is:

S=NS, =12-10°x28.27-10 % =3.39-10"" m*-

The breaking force of the thread is:

P= [q]B $=2-10°x3.39-10" =678.6 N =67.8 kg"

In fact, microfibers perceive the load differently, so
the thread will be able to withstand less force.

Let's calculate the ultimate stress in the CFC element
without taking into account the bearing capacity of the
pyrocarbon matrix:

Avrea of the element measuring 1.5 x 2.5 mm is:

S, =1.5-10°%2.5-10° =3.75-10"° m*.

Limit stress in the element:

P 678.6
O =S T35 105
S. 3.75-10°
Thus, the accepted assumptions, the

=28.27-10% m*

=180.96 MPa’

within
coefficient of safety factor for shrinkage:

o, _18096 81451,
G 222.15

When §=1.0 % =1.3mm we get:
p, =222.1MPa, o, =—4443MPa, 1=0.407 <1,

nsh =

In physical terms, a safety factor of less than 1
means the possible destruction of the material. It is this
destruction that was repeatedly observed during the
pyrocompaction of preforms made from fibers with a
low (1100...1500 °C) final processing temperature.

3. COMBINED EFFECT OF TEMPERATURE
GRADIENT AND SHRINKAGE

The results obtained indicate that the maximum
stresses on the inner surface of the cylinder arise due to

the possible shrinkage of the fiber o' =-444.30 MPa
and ten times exaggerate the temperature stresses in
absolute value & =-22.05MPa. Possible shrinkage of
the fibers and uneven heating occur simultaneously,
according to the principle of superposition:
o3 + o) =—444.3-22.05=-466.35 MPa- (13)
Surround stresses on the inner surface after
shrinkage increase with additional temperature stresses
by 5%. Remaining safety factor:
% 18096 355 1.
o' +o,| 466.35
Let's get the value of the safety factor for different
amounts of shrinkage in the range from 0.1 to 1%. To
do this, we calculate the external pressure p,, stress

o, o'+ ol and safety factor 7 using formula (13).

The calculation results are shown in Table 2 and Fig. 6.

Table 2
Total safety factor under the influence of temperature gradient and shrinkage
5, % S5, mm P2, MPa | o5, MPa oy +o,, MPa 7/
0.1 0.13 22.22 44.28 66.33 2.728
0,2 0.26 44.44 88.55 110.60 1.636
0.3 0.39 66.67 132.83 154.88 1.168
0.4 0.52 88.89 177.10 199.15 0.909
0,5 0,65 111.11 221.38 243.43 0.743
0.6 0.78 133.33 265.65 287.70 0.629
0.7 0.91 155.56 309.93 331.98 0.545
0.8 1.04 177.78 354.20 376.25 0.481
0.9 1.17 200.00 398.48 420.53 0.430
1.0 1.30 222.22 442.75 464.80 0,389
o, MPa /.
400 o + ol /b/
300 2 oy ]
200
100
‘/
0 5. %
0 0,2 0,4 0,6 0,8 1

Fig. 6. Stress under the combined action of the temperature gradient and shrinkage
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CONCLUSIONS

In this paper, the stress-strain state of a cylinder
made of a carbon-carbon composite material was
studied for the case of a temperature gradient from the
center to the outer surface according to a linear law
from 1500 to 1000 °C. The mathematical model of
deformation is constructed using the solution of the
Lame problem, which is common for the case of a
cylinder fixed at the ends. It has been established that
the safety factor for these physical characteristics is
close to 4.

The problem of modeling the process of occurrence
of residual stresses in the process of thermogradient gas-
phase compaction of the CFC is also very relevant.

The safety factor of the cylinder with possible
shrinkage of the fibers and the temperature gradient is
found, which is less than unity and is equal to 0.386.

Surrounding stresses due to shrinkage at the most
stressed area — on the inner surface of the cylinder are
increased by temperature stresses by 5%.

These calculations explain the destruction of
individual preforms during pyrocompaction, which we
observed earlier. Also, this effect must be taken into
account when creating carbon composite materials that
work under irradiation.
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AHAJII3 MIDHOCTI HAJITHAPA 3 BYIVIELIb-BYTVIEHEBOI'O KOMIIO3UTHOI'O
MATEPIAJIY BHACJIIIOK TEMIIEPATYPHUX JE®OPMAILIN I YCAJAKH

M.B. Menvmioxos, 1.B. I'ypin, A1.B. Kpasyoe

3a momomororo pirreHHs 3a7a4i Jlsime y poOOTi mpoBeneHO aHami3 HampyxeHo-nedopmosanoro crany (HJIC)
LIJIHJpA 3 BYTJIelb-BYTJIeleBOro komno3utHoro marepiany (BBKM) anst Bunanky 3akpiruienux ropiiis. [Tlokazano,
o KoedilieHT 3amacy M0 TEePMOHANpPYXEHHSIM ONM3bKHH 10 4YOTHPhOX. KpiM TOro, y poOOTi mpoBeneHo
iHKeHepHuit anaii3 MinHocTi itiHapa 3 BBKM BHaciok MOXIMBOI ycaaku BoJOKOH. [loka3aHo, 1110 koedimieHT
3amacy MinHocTi JopiBHioe 0,386 1 mMoxe Oyti npuuuHoro pyiiHyBanHs BBKM mix uwac BUroTOBICHHS Ta

eKCILTyaTaIlii.
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