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It is examined one of the aspects of consistency of description of the superstring dynamics in the AdS,xCP? su-
perspace by two-dimensional c-model in the OSp(4/6)/(SO(1, 3)xU(3)) supersymmetric coset space that is the sub-
space of this superspace. It is proved that equations, obtained by variation of the superstring action on the coordi-
nates of the sector of broken supersymmetries, become consequences of fermionic equations corresponding to un-
broken supersymmetries, when these coordinates turn to zero and superstring moves both in the AdS, and CP® spac-
es. These relations between superstring equations represent half of the Noether identities associated with local «-

symmetry of its action.
PACS: 11.25.-w, 11.25.Tq

INTRODUCTION

Construction of the quantum theory of gravitation
remains a long-standing problem of theoretical physics.
A possibility to construct such theory exists in the
framework of the superstring theory in 10-dimensional
space-time [1, 2]. It is based on the idea of relativistic
extended objects — strings [3, 4] and branes [5-7] — and
the concept of supersymmetry unifying bosons and fer-
mions [8-12]. In the mid of 1990-s it was realized that
application of the holographic principle in superstring
theory can become important ingredient for construction
of quantum gravity [13]. Manifestations of this principle
were first observed in the black-hole physics [14, 15].
Subsequently G. 't Hooft suggested that it applies to
quantum theory of gravity that in a bounded space-time
domain can be described in terms of quantum field theo-
ry in the boundary space [16]. Concrete way of realiza-
tion of the holographic principle in superstring theory in
the form of the AdS/CFT correspondence was proposed
by J. Maldacena [17-19]. According to the Maldacena's
conjecture superstring theories in anti-de Sitter super-
spaces admit dual description as superconformal field
theories in their boundary Minkowski superspaces.
Presently the AdS/CFT correspondence is considered as
the most elaborated way to define quantum gravity theo-
ry in anti-de Sitter space [20]. The first and the most
well-examined example of the AdS/CFT dualities pro-
posed by J. Maldacena connects the Type IIB super-
string theory in the AdSsxS® superspace and the N=4
superconformal Yang-Mills theory in four-dimensional
Minkowski space [17]. Since then there were proposed
many other instances of duality between gravitational
and gauge theories (see, e.g. review [21]). One of them
was formulated by O. Aharony, O. Bergman,
D.L. Jafferis and J. Maldacena and elaborates on the
original Maldacena's example of the AdS,/CFT; corre-
spondence [22]. This ABJM duality connects the Type
[1A superstring theory in the AdS,<CP? superspace and
the D=3 N=6 superconformal Chern-Simons-matter
theory with the U(N),xU(N). gauge symmetry. Because
of the sufficiently high symmetry presented by the
OSp(4/6) supergroup on the string side and in the iso-

morphic form of the D=3 N=6 superconformal global
symmetry of the Chern-Simons-matter theory the ABJM
duality can be subjected to many quantitative checks so
its study attracted significant attention (see, e.g.
[23-25]).

In the present note examined is the relation between
fermionic equations of the Type IIA superstring in the
AdS,<CP® superspace [26] and those of two-
dimensional o-model on the OSp(4/6)/(SO(1,3)xU(3))
supercoset manifold [27, 28] that is used to describe
superstring dynamics on the basis of group-theoretic
methods. In the next section discussed are limitations on
applicability of the o-model approach connected with
geometry of the AdS,xCP?® space. Then it is recapitulat-
ed the construction of the -model Lagrangian in terms
of the Cartan 1-forms associated with generators of the
osp(416)/(so(1,3)xu(3)) quotient algebra. Further we
prove that equations corresponding to variation of the
superstring action on eight coordinates of the sector of
broken supersymmetries become consequences of fer-
mionic equations of the OSp(4/6)/(SO(1,3)xU(3)) o-
model, when superstring propagates both in the AdS,
and CP? spaces.

1. RELATION BETWEEN THE AdS,xCP?
SUPERSTRING AND THE
OSp(4/6)/(SO1,3)xU(3)) 6-MODEL

The solution of the 1lA supergravity equations with
the AdS,<CP?® geometry is known since the mid of
1980-s [29-32]. It was shown to preserve 24 of 32 su-
persymmetries [30] and its factors can be realized as the
coset spaces AdS,=S0(2,3)/SO(1,3) and
CP3=SU(4)/U(3) with the isometry groups SO(2,3) and
SU(4) respectively. The interest to this background re-
vived when the ABJM duality conjecture was put for-
ward. Using that SO(2,3)=Sp(4) and SU(4)=SO(6) can
be viewed as bosonic subgroups of the orthosymplectic
OSp(4]6) supergroup it was suggested to extend 10-
dimensional AdS,xCP? space to the
OSp(416)/(SO(1,3)xU(3)) superspace, whose 24 Grass-
mann coordinates are parameters for supersymmetry
generators of the osp(4|6) superalgebra [27, 28]. It is the
superalgebra of the OSp(4|6) supergroup of isometry of
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the AdS,xCP? superspace and its
0OSp(4]6)/(SO(1,3)xU(3)) subsuperspace.

In [27,28] constructed was two-dimensional
0OSp(416)/(SO(1,3)xU(3)) o-model, whose dynamical
equations were proved to be classically integrable along
the same lines as in [33] proved was integrability of the
equations of the AdSsxS® superstring described by two-
dimensional PSU(2,2|4)/(SO(1,4)xSO(5)) o-model [34,
35]. The key difference between two c-models is that
the (10[32)-dimensional PSU(2,2|4)/(SO(1,4)xSO(5))
supercoset manifold is isomorphic to the AdSsxS® super-
space so respective c-model applies in all dynamical
sectors of the superstring, while the
0OSp(4]6)/(SO(1,3)xU(3)) supercoset manifold is the
subspace of the AdS,<CP® superspace. The AdS,xCP?
superspace includes additional eight Grassmann coordi-
nates that correspond to broken supersymmetries. As a
consequence the  complete  (10|32)-dimensional
AdS,xCP? superspace cannot be realized as a supercoset
manifold [26]. So the OSp(4|6)/(SO(1,3)xU(3)) o-model
describes only a subsector of the AdS,xCP? superstring
dynamics.

Natural interpretation of this c-model is that it arises
upon partial fixing the gauge for local k-symmetry of
the AdS,<CP? superstring action [26] by setting to zero
eight coordinates for broken supersymmetries. Howev-
er, as was noted already in [27], this interpretation is not
always correct. Though it goes through, when the super-
string moves both in the AdS, and CP? spaces, it fails,
when the superstring moves, e.g. only within the anti-de
Sitter space.

As is known invariance of the action under a gauge
symmetry implies, in accordance with the second No-
ether theorem, existence of the identities satisfied on
equations following from this action. Their number
equals that of independent gauge parameters. The Type
Il superstrings are invariant under gauge k-symmetry
with 16 independent anticommuting parameters [36,
37]. So 16 of 32 fermionic equations of the Type Il su-
perstring, that result from the action variation on the
superspace Grassmann coordinates, are not independent
but follow from other 16 fermionic equations. In the
AdS,<CP* superspace, whenever vanishing conditions
of eight coordinates for broken supersymmetries can be
considered as the partial x-symmetry gauge, the
OSp(416)/(SO(1,3)xU(3)) o-model action should be in-
variant under eight-parameter x-symmetry. It is the
remnant of 16-parameter k-symmetry of the complete
AdS,xCP? superstring action. This implies that out of 24
fermionic equations of the o-model eight are conse-
quences of other 16 equations. The latter determine dy-
namics of 16 gauge-invariant fermions that are physical
degrees of freedom of the AdS,xCP? superstring.

When superstring moves entirely in the AdS, space,
the o-model action becomes invariant under 12-
parameter k-symmetry transformations [27]. This im-
plies that the o-model describes dynamics only of 12
physical fermionic degrees of freedom of the AdS,<CP?
superstring, while other four were among eight super-
space coordinates for broken supersymmetries that were
set to zero. Therefore in this case conditions of vanish-
ing of these eight coordinates include four gauge-fixing
conditions and four gauge-invariant initial data con-

straints. The latter are known in field theory [38], gravi-
ty [39] and string theory [40-43] and select the sub-
space in the space of field configurations of a theory
that is preserved in the process of evolution governed by
theory's dynamical equations. So this dynamical sector
of the AdS,<CP® superstring should be described by
equations that follow from the complete action [26].

Above consideration indicates that the question of
consistency of description of the AdS,<CP? superstring
dynamics by the OSp(4/6)/(SO(1,3)xU(3)) o-model is
quite non-trivial. In [27] it was checked that the number
of physical gauge-invariant degrees of freedom de-
scribed by the o-model matches that of the AdS,xCP?
superstring in the sector, where it moves both in the
AdS, and CP? spaces. Also there was verified that in the
Penrose limit of the AdS,<CP? space-time the quadratic
part of the 6-model Lagrangian coincides with the quad-
ratic part of the superstring Lagrangian. Note that the
form of superstring Lagrangian up to quadratic order in
fermions is known for arbitrary curved background sat-
isfying superfield constraints of Type Il supergravities
[44].

Here we study the relation between fermionic equa-
tions of the s-model and superstring, when it propagates
both in the AdS, and CP? spaces. In this case eight equa-
tions obtained by variation of the superstring action on
coordinates of the sector of broken supersymmetries are
not satisfied identically, when these coordinates are set
to zero, and cannot be obtained from the o-model ac-
tion, whereas other 24 fermionic equations of the super-
string reduce to fermionic equations of the c-model. It
was proved in [45] that to leading order in the Grass-
mann coordinates parameterizing the
OSp(4]6)/(SO(1,3)xU(3)) supercoset space these eight
equations become consequences of fermionic equations
of the o-model, when superstring moves both in AdS,
and CP? spaces. In this note it is proved that this result
holds in general irrespective to parameterization of the
OSp(416)/(SO(1,3)xU(3)) superspace, i.e. to all orders in
the fermionic coordinates. This is achieved by using the
representation for superstring equations in terms of the
Cartan forms that encode local geometry of the
OSp(416)/(SO(1,3)=xU(3)) manifold.

2. TWO-DIMENSIONAL
OSp(4/6)/(SO(1,3)xU(3)) 6-MODEL

As is known geometric objects of a symmetric space
G/H with the isometry group G are constructed out of
differential Cartan forms taking value in the isometry
algebra g. Namely, vielbein 1-form is identified with the
Cartan forms for the quotient algebra g/h and connec-
tion 1-form — with Cartan forms related to the stability
algebra h. This identification is generalized to the case
of supercoset spaces G/H. The OSp(4]6)/(SO(1,3)xU(3))
supercoset manifold belongs to the family of supercoset
manifolds with isometry superalgebras g, whose (an-
ti)commutation relations are invariant under four-
element automorphism Y. The stability subalgebra gen-
erators are invariant under this automorphism. So on
such supercoset manifolds classically integrable two-
dimensional c-models can be defined [33], [46-48].
Invariance of isometry superalgebras under this Z, au-
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tomorphism Y induces division of their generators into
four eigenspaces with eigenvalues +1 and i

Y(9u,) =i1"9gy,, k=0,1,2,3. 1

So (anti)commutation relations of g can be presented in
the Z,-graded form

[9¢i): 909} = 9(j-kymoda- (2)
In case of the OSp(4]6)/(SO(1,3)xU(3)) supercoset
space the so(1,3)@u(3) algebra of its stability group

plays the role of g subalgebra of the osp(4/6) super-
algebra. If generators of the sp(4)=so0(2,3) and
so(6)=su(4) subalgebras of osp(4|6) superalgebra are
Mun={Mom: Mmn} (m, n=0', 0, 1, 2, 3, m', n'=0, 1, 2, 3)
and V.B={V.° V' V."} (A, B=1, 2, 3, 4, a, b=1, 2, 3),
then go={Mum,Va"} and gy={Mom,Vs’Va'}. Under the
Z, automorphism generators from g, and g have ei-
genvalues +1 and -1 respectively. Linear combinations
of the above introduced generators define generators of
the conformal algebra of three-dimensional Minkowski
space conf(1, 2)=s0(2, 3)

D=-2Mg3, Py =Mgy —Mgy, (3)

Ky =Mgm + Mgy, m=012.

The osp(4/6) superalgebra belongs to the family of
superalgebras for which supersymmetry generators
transform in the spinor representations of bosonic sub-
algebras [49]. So transferring to isomorphic realization
of the so(2,3) algebra as conformal algebra results in
isomorphic realization of the osp(4]6) superalgebra as
D=3 N=6 superconformal algebra sconf(3|6). Its 24 su-
persymmetry generators are given by 12 Poincare su-

persymmetry generators QZ‘, Gﬂa and 12 special con-

4+ Sya that trans-

form as two-component sl(2,R) =so(2,3) spinors
(1=1,2) and in the (anti)fundamental representation of
su(3) < su(4) (a=1, 2, 3). Then generators from g;) and
03 eigenspaces are defined by
Quyn = Qu +iS,, Quua =Qua —iS,a;
Q(3)?t :QZ ‘iSE’ 6(1)#61 :6;161 +iS—,ua'
The whole set of (anti)commutation relations of genera-
tors of the D=3 N=6 superconformal algebra can be
found in our work [50].
Left Cartan forms associated with the generators of

the D=3 N=6 superconformal algebra are defined by the
relation [51]

C(d) = GG = o™ (d)P,, +c™(d)K,,
L AM)D+G™ ()M,
O, ()T + Q3 ()T, + Q. ([@)V,° ()
+of (d)Qf +@"*(d)Q, 4
+ 2,a(d)S#® + 75(d)S4 e sconf (3]6).

formal supersymmetry generators S

(4)

They can be presented as the sum
C(d) =Cg)(d) +C)(d) +Cpy (d) +Cz)(d),  (6)

where each summand takes value in respective eigen-
space under the Z, automorphism

Cio)(d) =2G*" (d)Mg,, +G™ (d)M
+Q,"(d)V,? € 9 o).
Cz(d) =2G""(d)Mgy, + A(d)D ©)
+Q, (T2 +Q, ()T e gy,
Cq(d)= “’(1)§(d)(1)(1)f,l + CT)(I)ﬂa(d)é(l)pa SET

Ciy(d) = @(afa (4)Qqz);, + @) * (d)Qpzyra € Yo
Cartan forms G™(d)=1/2(™(d)+c™(d)), A(d) and Q4(d),
Q?(d) associated with the g, generators are identified
with bosonic components of the
OSp(416)/(SO(1,3)xU(3)) supervielbein and fermionic
Cartan forms

oefa(@) =302 @) +iz2 @) @

ofa(d) =3 02 @) -1z (@)

and c.c. are identified with its fermionic components.
Cartan forms for the g generators G3™(d) =
~1/2(™(d)—-c™(d)), G™(d) and Q.°(d) are identified with
the connection 1-form on the OSp(4/6)/(SO(1,3)xU(3))
supermanifold.
The OSp(4/6)/(SO(1,3)xU(3)) o-model action has
known form [27, 28]
S-model = | 4°E(Lin + Lz ). )
where &' are local world-sheet coordinates (i,j=(z, c)). In
[51] Kkinetic and Wess-Zumino terms of the Lagrangian

were expressed in terms of mappings of the Cartan
forms in conformal basis to the world sheet

1 ii(~om~o0
_Eyu(Gi "Gim +AA +QiaQ?) (10)

1 (1
- _Ey” (Z(wim +cim)(a)}” +c§”)+ AA; +QiaQ’]-‘)

Liin =

and
Ly, =—&" (06,,04° + (1 3))
11)
1 ij u —va uv —a (
= _Eg (a)ia gyva)j +Zi/4a€ ;(Jv) )

3. RELATION BETWEEN FERMIONIC
EQUATIONS OF THE AdS,xCP®
SUPERSTRING AND THE
OSp(4(6)/(SO(1,3)xU(3)) 6-MODEL

Equations obtained by taking variation of the o-
model action (9) on fermionic Cartan forms (8), in
which  differentials  of  coordinates of the
OSp(416)/(SO(1,3)xU(3)) superspace are replaced by
their variations, can be brought to the following form

i 5[ @)
VIM gl a_)(”m =0 (12)
W]
and
ij b ”(3)"6
VIM 0| 04 [=0. (13)
“3)]

Here VJ_rij =1/2(;/ij J_rgij) are projectors that single out
(anti)self-dual parts of a world-sheet vector and matri-

0 are defined as

ces M, 54,
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b : c
oami# —ioH e0pQh
M(l)jév:( : fl ;ct‘)/ Vaic,?l ' ] (14)
—|5V€ QiC — oM™y
and
~ b— : c
— o mt 10H 0 Qi
M(a)]/élt‘)/ =( yaackIJ v VaaCEl ! jl (15)
|5V€ Qic §b mi~v
where

m#y = —iGiOImO'm‘uV +AiSH,

miﬂv: iGiO‘mO'm'uV +Ai5ﬂ.
As was shown in [50] respective fermionic equations of
the superstring reduce to equations (12) and (13), when
coordinates of the sector of broken supersymmetries of
the AdS,xCP? superspace are set to zero.

In [50] there were also obtained superstring equa-

tions that correspond to variation of the action on coor-
dinates of the sector of broken supersymmetries

iiy.b i, = b
V_,I_JQi w(l)]t‘)/ =VJJQiba)(1)j =0,

(16)

17)
ij~b i = b

V_IJ Qi a)(3) ]‘b/ ZV_IJ Qiba)(3)j =0. (18)

Let us prove that eight equations (17) and (18) fol-

low from equations (12) and (13) of the

0OSp(4]6)/(SO(1,3)xU(3)) o-model. Recall that action of

the projectors ViIJ on a two-component vector factoriz-
es

VIF, =V/F,,
. 1 (19)
vi‘=E 51|, F.=r"F +(" £)F,.
7/1’[
So one can write equations (12) and (13) in the form
14
| “Y0-b |
O+av [— w | =0 (20)
-
and
A~ a) v
| TR+ |
M (3)-av {_ w =0 (21)
D)+
These equations include 12x12 matrices
b .
M Ajb — 5am+/u" _|5lfl€ach+c (22)
@+av —ié"f’gaCbQJrc _ §m+ﬂv
and
. b— .
M. D _ R LIRSV - AP Sk o B @
@8 lisee®®a . ofm H,

whose rank equals eight. It can be shown that matrices
m,*, and m,*, satisfy the relations
mm =mAm” ;=
=64(G.-G. +AA,)

The right-hand side is non-zero, when superstring
moves both in AdS, and CP®. To see this, apply projec-

(24)

tors Viij to equations for auxiliary world-sheet metric vy;;
that follow from (9)
: : 1
Gio mGjO m + AIAj + E(Qia4Qj4a + QjaAQMa)
. (25)
0 A0 4
—Ej/ij)/kl (Gk mG| m +AkA| +Qka QMa): 0.

As a result one obtains two equations

G, 0mG. MM+ A% +0,,0Q,% =0. (26)
Taking into account that for superstring moving both in
AdS, and CP® Q,, #0 and Q,® %0 yields the above

conclusion.
Consider in detail the system of equations (20). Let
us apply to it projection matrix

u
b : m,"v c
520y’ _'+—25ach+
I G, -G, +A%
= — U b
i + Vv (O SasH
G, -G, +A2 ! Y

(27)
that has rank equal eight and satisfies the condition

1_I?l) _31_1(21) +2[1y =0. Since G,-G, +A§ #0 the
resulting system of equations acquires the form

m,“,Q,,Q.° 0 wa)_E _
(+ o+ + ][ 2 1=0.(29)

- m+'u"Q+aQ+b 5(1)7

Further using (24) yields that the system (28) is equiva-
lent to four equations

(29)

coinciding with (17). Analogously it can be shown that
the equations (18) follow from (21).

CONCLUSIONS

The main result of this note is the proof that eight
equations corresponding to variation of the AdS,<CP*
superstring action on coordinates of the sector of broken
supersymmetries are not independent but follow from
other fermionic equations, when these coordinates turn
to zero. This proof generalizes known result obtained to
linear order in 24 Grassmann coordinates of the
AdS,xCP? superspace that correspond to unbroken su-
persymmetries. It implies that in the case, when coordi-
nates of the sector of broken supersymmetries are set to
zero, all non-trivial fermionic equations of the
AdS,xCP* superstring can be obtained from the
OSp(4]6)/(SO(1,3)xU(3)) o-model action. This result
represents one of the consistency checks of description
of the AdS,<CP® superstring dynamics by two-
dimensional OSp(4/6)/(SO(1,3)xU(3)) o-model. The
proof relies on the assumption that superstring moves
both in the AdS, and CP? spaces. This is one of the sec-
tors of superstring dynamics, where the o-model de-
scription is valid because there the condition of vanish-
ing of coordinates for broken supersymmetries fixes
eight of 16 parameters of the k-symmetry of the action.
It is also discussed the relation between the superstring
and the o-model in another dynamical sector, in which it
moves only within the AdS, space. In this sector dynam-
ics of the superstring cannot be described by the o-
model. The reason is that in such case the condition of
vanishing of coordinates for broken supersymmetries
contains not only those partially fixing the x-symmetry
gauge but also four initial data constraints. The latter
exclude four world-sheet fermionic fields that describe
physical excitations of the superstring in this dynamical
sector.

b — b
Q+ a)(l)_‘g = Q+ba)(1)_ =0
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PO Y3IOJKEHICTH OIUCY JMHAMIKH AdS,xCP*-CYITEPCTPYHH
JIBOBUMIPHOIO OSp(4]6)/(SO(1,3)xU(3)) 6-MOJEJLITIO

/.B. Yeapoe

JIOCITiIKY€EThCS OIUH 3 ACMIEKTIB Y3rODKEHOCTI ONUCY AUHAMIKH cyrneperpysu B AdS,xCP3-cyneprnpocropi aBo-
BUMIipHOIO G-Mozemtio B OSp(4[6)/(SO(1,3)xU(3))-cynepcumerpudHomy (GakTop-mpocTopi, KU € MiAIpOCTOPOM
LBOTO CYNepHpocTopy. JJOBOIUTECS, 1110 PIBHSIHHS, 3J00yTi BapilOBaHHIM Jii CYIIEPCTPYHHU 32 KOOPAWHATAMHU CEK-
TOpa MOPYIIEHUX CYIEPCUMETpil, CTAlOTh BUCHOBKaMHU 3 (DepMIOHHHMX PIiBHSHB, SIKI BIANOBIZAIOTh HEMOPYIIEHUM
CYIIEPCHMETPIsM, KON i KOOPAMHATH 00EPTAIOTHCS HA Hyllb i CymepcTpyHa pyxaethes sk y AdS,, Tak i y CP*-
npoctopi. Lli criBBiTHOLMIEHHS MiX PIBHAHHAMH CYIEPCTPYHH IMPEACTABISIOTH MOJOBHHY TOTOXXHOCTeH Hpotep,
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