https://doi.org/10.46813/2025-155-029

NUMERICAL TREATMENT OF LOWER HYBRID RESONANCE
IN PLASMA

Yu.M. Marchuk®, V.E. Moiseenko™?, Yu.S. Kulyk?, T. Wauters®

National Science Center “Kharkiv Institute of Physics and Technology”,
Institute of Plasma Physics, Kharkiv, Ukraine;
Z/fngstri)'m Laboratory, Uppsala University, Uppsala, Sweden;
’ITER Organization, St. Paul-lez-Durance, France

E-mail: YuriiiMarchuk@gmail.com

In this work, the slow wave equation for the E, component and the expression for the Poyting vector were
obtained from the system of Maxwell's equations. The analysis of these equations is given with respect of the lower
hybrid resonance point presence. The capacities of the penalty method and the analytical continuation method are
analyzed in connection to their usage for electromagnetic plasma wave propagation numerical treatment using the
Galerkin approach within finite element discretization. Numerical calculations of the slow wave equation were
carried out, values of relative errors were calculated for the two methods, and the results were analyzed.
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INTRODUCTION

Waves propagating in plasma in the ion cyclotron
range of frequencies (ICRF) are the fast magnetosonic
wave and slow wave (SV). SV that propagates in a

homogeneous or weakly non-uniform  plasma
characterized by the dispersion equation [1] (1):
k2 = —L(k? - kie,), 1)
€1
where ki =k?*—kf, k, =b-k-b, b=B/B,

ko = w/c, the dielectric tensor has a form [4]:

g Ig 0
g = (—ig £ 0).
0 0 ¢

In an inhomogeneous plasma, the condition for WKB
approximation are fulfilled, if the inhomogeneity of
plasma is small and the wavenumber varies weakly:
|V - k| « |k?|. The Cartesian geometry is considered
here, and the magnetic field is directed along z-axis.
Plasma is uniform along y and z-axes and non-uniform
along the x axis.

From the SV dispersion equation (1) we see that in
the case of ¢; - 0 k; — oo which indicates appearance
of the lower hybrid resonance (LHR), see, e.g. [1-6]. If
the plasma has more than one ionic components, then
LHR can appear at frequencies between the cyclotron
frequencies of the ions, and LHR in this case is also
called an ion-ion hybrid resonance. The WKB
approximation gives faster and faster oscillations on
approach the hybrid resonance point, but WKB
approximation fails to reproduce the fields at LHR
vicinity: in the hybrid resonance itself the fields

asymptotic behavior is: E, = —i% and E, = Cln(x)
Il
(see, e.g. [2, 3]). Both electric field components are

singular.

Numerical methods reconstruct the approximate
solutions with regular basis functions, which can be
polynomials or sine and cosine functions, and, because
of this, it is impossible to describes the singular solution
within the framework of standard numerical methods.
Meanwhile, the case of LHR is practical and needs
numerical treatment. The main characteristic of the
lower hybrid resonance is the power that enters it at is
absorbed in it. We will not focus on reproducing all the
electric fields in this lower hybrid resonance, but will
limit ourselves to calculating the absorbed power.
Therefore, the formulation of the problem in this work
is as follows: to examine different possibilities to
calculate the absorbed power in the lower hybrid
resonance within the numerical approach.

In the model, along the x axis non-uniform plasma
placed in a uniform magnetic field directed along the z
axis is considered. Such a model reflects all the
principal features of the lower hybrid resonance. In
further algebra we extract the equation for the slow
wave from the time-harmonic Maxwell equation, taking
into account that the slow wave has a fairly short
wavelength and the weak coupling between the fast and
slow waves can be neglected.

EQUATION FOR SLOW WAVE

The time-harmonic Maxwell’s
considered in the form [4] (2):

equations are

2
VXVXE-528() E=iopj, (2)

where E is the temporal Fourier harmonic of the electric
field and j is the density of the external RF (antenna)
electric current. The plasma dielectric tensor is a
function of the x — coordinate due to the plasma density
non-uniformity.

The small parameter for the problem appears from
the fact that the x — component of wavenumber is
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dominant. Considering that k7 > k3, kZ , the vector
components of the equations take the following form.
Projections of (2) on the coordinate axes are (3)-(5):

(K2 + k2 — ke, )Ey + iky =+ Ey, +

. d . S
+ik, —E, — ik§gEy = iofojy, 3
. d d?
ikGgEy + iky—Ex — = E, —

—kie Ey — kyk,E, = iwpgjy, 4)

ik, LB, — k,k E, - E, +
de X zvy™y dxz z
+kZE, — ekGE, = iwpyj,. (5)

The terms marked in color are much smaller than the
main terms in the slow wave equation, so they can be
omitted. Once we have done this, we can perform the
integrations in equation (4) and substitute the result into
formula (3). Using the modified equation (3) we find
expression for the field E, and calculate its derivative
with respect to x. After this, we obtain the final form of
the equation SV:

i{( k(%SJ_ )iE}'i‘S kZE — iwzpﬂokz_
dx (\k2-k2e, / ax % 0=z = 2_j2,)

, . K
iwpof, (G755 ©)

Using the expression: V-J - iwp = 0 we had modified
the expressions for the right hand side of (6). The
original system, after omitting the terms that are small,
did not change the order with respect to differentiating
in x. It remained of fourth order, but the final equation
has the second order. The order of the system was
decreased to the second one by integration. The
appeared integration constants are attributed to the fast
wave, and they are dropped.

The equation (6) is accurate when the excitation
currents lie outside the plasma region or wherever
&) = 1. The energy flow must be irreplaceable, for this
we will obtain the equation for the Poyting vector (7)-

9):

T, = —(E* X B), = ——(E;B)), @
B is the SV magnetic field.
sp _ B[ kier \a
EzBy = iw (k%—kgel) deZ' ®)
And, finally
__ 1 cp. key \ d
I, = 8mi w E;(x) (kg-kgsl) dx E, (). ©)

NUMERICAL APPROACH

For numerical exercises we use the following
equation (10) which is a specific case of Eq. (6) and
describing the LHR phenomenon.

da d
EFEEZ + GEZ = 0, (10)

2
nyeL

F= 11)

nf—el'

We use dimensionless coordinate x— x/L, x=0...1,
ng = ki /k§, further ni —e, ~nf. In the calculation
series below we set ¢; = -x, + X, G = Gy(1 + X, - X),
where X, is the LHR coordinate, Gy is a constant. The
boundary conditions E,(x=0) = 0 and E,(x=1) = 1 are
used. One of the practical cases covered by the Eq. (19)
with such parameters is: ® = 3-10°c™?, n(x,) = 10" m®,
deuterium ions, B=2.5T, k;=3m™ L =0.05m.

Electric field E, have a singularity at the LHR point,
and it is impossible to do a numerical treatment by
standard methods to carry out a description of this field.
Here we consider two methods of avoiding this
problem, first the Penalty method.

PENALTY METHOD

If you look at the function F, its nominator contains
€1, which turns to zero at LHR and leads to a singularity
in Eq. (19) solutions. To avoid this, a complex additive
(patch) is added to F: F* =F + F;,, in a local area
|F| < Fyand, as a result, the complex number modulus
never vanishes and accordingly there is no numerical
singularity, and standard methods of discretization of
the equation can be applied.

In first series of calculations the following
formula for the linear patch is used (13):
Fim = i\ FZ — F2, (13)

Parabolic patching is a bit more complicated (14):
2
Fin =i (5=+2) — F2.

2Fy 2

(14)

ANALYTICAL CONTINUATION METHOD

The second method is analytical continuation. The
essence of the method is that if we have a system of
Maxwell’s equations in components and this system
does contain only coefficients that are analytical
functions of the coordinate, then we should expect a
solution of this system to also be an analytical function.
If this is so, then the solution found on the line of real x
will be extended to the complex plane x— p = x+is.

For using this feature, the idea is to modify the path
of integration, and now at the complex plane around the
singularity we circumvent the LHR point making the
path that goes around it. It is expected that the solution
of the system will not be singular, but will be a smooth
function. Then at this path it is possible to apply
standard integration methods, for example, the Galerkin
method.

In this way, we get that solution not at the point
itself, but near it and this solution differs from what
would be, but does not contain a singularity. The
analytical continuation could be made back to the real
axis, but this is not practical since we would get a
singularity.

We have an analytical continuation, and we must
choose a path and go to the complex plane. After that,
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we will see how the choice of a complex path will affect
the calculation results.
The bypass path is defined as follows p = x+il(x).
The first choice is a parabolic bypass function (15):
Ax) = —"“2”‘(;‘"‘5)2, (15)
where X, is width of excursion area in x coordinate, X is
position of a circumvented (LHR) point. In the
formulas for the Galerkin method, in addition to A, there
is a derivative, which has the form (16):

_ 2(x—xg)

SA(x) = (16)

Xw

(5]
1
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Fig. 1. Patching vs. coordinate. The red line is A(x)
and the blue line %&(x) for parabolic bypass function

As we can see from the Fig. 1, the derivative of the
parabolic patch undergoes a jump at initial and end
points.

Another approach to forming a bypass using the
cosine function is (17) and (18):

A(x) = x,,cos? [H(;T_::S) , 17
d T . T(X— s)
al(x) = —3sin [(’;—Wx] (18)

GALERKIN METHOD

We use the Galerkin method (see e.g. [7]) with
first-order finite elements (FE). The formula for the
finite element is:

0, x < Xi_q
X~ Xi1
x'—ix'l’ Xi_1 <x < X
NOERFNES
Xi+1 = X
0, X > Xi4q

Any smooth function can be approximated as a

finite element expansion (19) and (20).

,xi<x<xi+1

E,(x) = X Ey; Aj(x), (19)

[, Aw@)[SFLE, +GE,]dx =R (20)
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The right-hand side R of the equation is determined

by the boundary conditions. This system is
computationally solved with the help of LU
decomposition (Fig. 2).
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Fig. 2. Patching vs. coordinate. The red line is A(x)
and the blue line % A(x) for cosine bypass function
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Fig. 3. Electric field E;, vs. coordinate. The red line is
the value of the field without entering the complex
plane. The blue line is the value of the field when
entering the complex plane. The green dotted line is an
imaginary part. The vertical dashed lines are the width
of the bypass zone

RESULTS OF CALCULATIONS

VERIFICATION FOR ANALYTICAL
CONTINUATION METHOD

Verification of the analytical continuation method is
made by examining the case with no singularities [4].
Bypassing is performed around a point, the solutions at
which are not singular. It is expected that we should
obtain coinciding solutions at the real axis for the cases
of non-bypassing and  bypassing.  Numerical
experiments was done for G, = 100 and x; = -0.15.

Fig. 3 illustrates divergence of solutions in the
circumventing area and coincidence of them at the areas
behind.
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The relative error of E, approximation 6§ =

AEo:— N A
f% is calculated at the areas without
L=z

excursions of integration path to the complex plane, in
our case xe(0...0.25; 0.65...1). The solution obtained
for N=10000 is assumed to be very close to the exact
one and used instead of it. As we can see in Fig. 4, both
parabolic and cosine bypasses show convergence
corresponding to the approximation of the discretization
method. The cosine bypass function gives better results
likely to the fact that this function does not have a break
of derivative over x at the end points.
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Fig. 4. Relative error ¢ in E, vs. number N of mesh
nodes. The red line is for parabola bypass function,
the blue line is for cosine bypass function
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Fig. 5. ¢ (relative error of energy flux) vs. x,, bypass
width. The red line is for linear patch (10), blue line is

for parabolic patch (11)

NUMERICAL TREATMENT OF PENALTY
METHOD

Test calculations were performed for the case when
the resonance point is inside the calculation domain
when G,=100 and x,=0.45. In the previous case there
was no absorption, the energy flux was zero at all
points. Therefore, the energy flux was not used for the
assessment. In this case, due to the presence of a local
hybrid resonance point, there is power absorption in it

0.25

and, therefore, the energy flux is not zero to the right of
the LHR point. The flux is chosen as a criterion for the
correctness of the solution and the relative error was
calculated against it. As before, we substitute the exact
value of the flux by the calculated one at N=10000,

We analyzed the Penalty method for two complex
patches (10) and (11).

We see from Fig. 5 that for the red curve (linear
patch) for x, values greater than x,=0.17 the error
becomes large, and for smaller x,, values it is lesser. We
can conclude that the effect of LHR is described well
but not with high accuracy. In case of usage of parabolic
patch we see that the relative error for wide range of the
patch width is better than for linear patch, below 5%,
which is probably a result of smoother shape of this
patch.

NUMERICAL EXPERIMENTS ON ANALYTICAL
CONTINUATION METHOD

We have investigated two bypasses and in two cases
the solution error is within the grid approximation. In a
large interval from for x,=0.05 to 0.25 ¢ do not go over
the error limits of 10 (Fig. 6). For the cosine bypass the
error is smaller presumably because the derivative of the
bypass function is continuous at the bypass end points,
while for the parabolic bypass the derivative jumps, see
Figs.1 and 2.
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Fig. 6. ¢ (relative error of energy flux) vs. x,, bypass
width. Red line for parabolic, blue line for cosine

SUMMARY AND CONCLUSIONS

Near the point of LHR, the conditions for which
¢1 =0, the slow wave field undergoes a discontinuity
while the fast wave field has a regular point. In order to
conduct a study of the slow wave behavior, we obtained
an equation for the slow wave for the field component
E,. This equation was solved numerically using the
Galerkin method. Since the Galerkin method with finite
elements fails to reproduce the singularity at the LHR
point, two possibilities for obtaining a solution in this
case were used. This article discusses the results of
numerical experiments with the SW equations using the
Galerkin method and first-order finite elements.

The singularity in the equation solution is caused
by the zeroing of the coefficient at the senior derivative.
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To avoid singularity, in frame of the penalty method,
one can use an artificial small complex patch to this
coefficient, and then the module of it will never be
zeroed. In this work we used linear and parabolic
patches. In a wide range the patch sizes, the absorbed
power in the LHR is calculated satisfactorily. The
relative error of determining the absorbed power is
within 17% for a linear patch. For a parabolic patch, this
accuracy is higher and the relative error is below 5%.
The Penalty method is relatively simple to use and in
many cases leads to a satisfactory result in calculating
the absorbed power. It is actually possible to achieve an
accuracy of 5%, which in many cases may be sufficient.

The approach of analytical continuation is based on
the fact that if in the equation for LHR there are only the
analytical functions, then the solutions will also be
analytical functions. This is the basis for putting the
integration path near the LHR region to complex plane
and thereby avoiding the appearance of a singularities in
the solutions. The numerical experiments shown that
using this approach it is possible to obtain the accuracy
of calculating the absorbed power significantly better
than with the penalty method, and the accuracy of these
calculations agrees with the approximation of the
numerical model. Two methods of bypassing were used
- parabolic and cosine and both methods give good
accuracy of calculations, but the results are significantly
better for the cosine bypass function since there is no
discontinuity of the bypass function derivative at the
edges of the bypass area.
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YU CJIIOBE MOAEJIOBAHHS HU)KHBOT O I'NBPUIHOT'O PE3OHAHCY B IIJIA3ZMI
FO.M. Mapuyk, B.€. Moiceenko, 10.C. Kynuk, T. Wauters

3 cucremH piBHsIHb MakcBeslla OTPUMAaHO PIBHSHHS MOBIJIBHOT XBHJII JUIsi KOMIIOHEHTH E, Ta Bupa3s juist BekTopa
[Moiitinra. AHami3 IMX pPIBHSHb HAaBEICHO 3 OMIAAYy HAa HASIBHICTh HHKHBOI TiOPHIHOI TOYKH PE30HAHCY.
[TpoananizoBaHO MOXIJIMBOCTI Merony mTpady Ta METOLy aHAIITHYHOTO TNPOAOBKEHHS Yy 3B’SI3Ky 3 IX
BUKOPUCTAHHAM JUIS YHCIOBOTO MOJICNIOBAHHS MOIINPEHHS €JIeKTPOMArHiTHOI IIa3MOBO{ XBHJI 3 BUKOPUCTaHHAM
minxony I'anmepkiHa B paMkax CKiHYEHO-eJIeMEHTHOI auckperusariii. [IpoBelieHO YMCIIOBI PO3pPaxyHKH PIBHSIHHS
MOBLIBHOI XBHIII, PO3PaX0BaHO 3HAUYEHHS BIJTHOCHHUX ITOXHMOOK JUIS ABOX BHINE3raaHUX METOJIB Ta MPOAHaTi30BaHO

pe3yJIbTaTH.
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