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DETERMINATION OF THE ION-OPTICAL PROPERTIES OF AN
ELECTROSTATIC QUADRUPOLE LENS AS PART OF A COMPACT
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The definition of the space of trajectory phase moments is introduced. The nonlinear differential equations of
motion of a charged particle in the field of an electrostatic quadrupole lens in trajectory phase coordinates are
transformed into a system of four linear ordinary differential equations in the third-order trajectory phase
momentum space with 28 unknowns. The missing equations are obtained by applying a formal procedure of
immersion of the original equations in the space of trajectory phase moments. The solution of the obtained complete
system of equations is sought in the form of a matrizant, i.e., the matrix of phase moment transformation along the
motion of a charged particle, which determines the ion-optical properties of an electrostatic quadrupole lens.

PACS: 41.85.p; 41.85.Gy; 41.85.Lc

INTRODUCTION

The nuclear scanning microprobe is one of the end
station of analytical complexes based on electrostatic
accelerators. Currently, the microprobe is widely used
for local non-destructive microanalysis of samples of
various origins [1-4] and proton beam writing for the
fabrication of  high-quality 3D  micro- and
nanostructures with a high aspect ratio [5-8]. The
classical scheme of a modern microprobe includes
object and aperture collimators located at a distance of
3.6 m, a scanning system and a focusing system
consisting of a multiplex of magnetic or electrostatic
quadrupole lenses [1,9-11]. The total length of the
microprobe from the object collimator to the target is
4...9 m. Collimators form a phase volume of the beam
with a current from ~1 fA to ~1 nA, which is focused on
the target into a spot with dimensions from several tens
of nanometres to one micrometre. The beam at the
entrance to the microprobe is created by a general-
purpose electrostatic accelerator and after the analysing
magnet, the current of the selected ion species is
~10 pA. It is worth noting that the accelerator is not
directly involved in the formation of the microprobe,
and the use of the beam output current is obviously not
efficient.

The Institute of Applied Physics of the National
Academy of Sciences of Ukraine is developing the
concept of a compact nuclear microprobe based on an
immersion probe-forming system [13, 14], which will
significantly reduce the size of the microprobe
installation and improve its resolution. The ion-optical
scheme of such a probe-forming system includes (along
the ion beam) a doublet of electrostatic quadrupole
lenses (DEQL), an accelerating tube, an angular
aperture, a scanner, and a doublet of magnetic
quadrupole lenses for final beam focusing. The ion-
optical properties of the accelerator tube and magnetic
quadrupole lens including up to the third order were
determined earlier using the matrizant method [13,15].
The inclusion of the DEQL in the probe formation
process will allow balancing the demagnifications in
both transverse directions. Since it is assumed that the
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DEQL is located in front of the accelerator tube, this
location is under high potential, which in turn
determines the requirements for low power consumption
for the doublet excitation, in contrast to magnetic
quadrupole lenses. Similarly, the design of the DEQL is
preferred due to the low beam energy in this region. In
order to model the optics of such an immersion probe-
forming system, this paper considers the construction of
a matrizant of an electrostatic quadrupole lens up to the
third order in order to determine the physical and
geometrical parameters of the ion-optic elements of the
system. The fundamentals of the matrizant method are
discussed in [16,17], which are based on differential
algebra and the matrix method for solving systems of
linear ordinary differential equations.

1. CONSTRUCTION OF A SYSTEM OF
DIFFERENTIAL EQUATIONS IN THE
SPACE OF TRAJECTORY PHASE
MOMENTS

The trajectory equations of motion of a charged
particle in an electric field in a rectangular Cartesian
coordinate system, which describe the ion optics of
systems with a rectilinear axial trajectory, are as
follows [7]

x" = A (E, —x"E,)(x %+ y 2 +),
p

(1
m
y" = —C:)Z (Ey — Y'E))(X"?+y?+1),

where ¢, m, p — are the charge, mass and momentum of
the particle, E,, E,, E. — components of the electric field.

Equation (1) is a second-order nonlinear differential
equation with respect to the trajectory phase coordinates
(x, x', ¥, y"). Fig. 1 shows a schematic representation of
an electrostatic quadrupole lens. Here, the poles are
positioned in such a way that the ion beam is focused in
the xOz plane, and the lens is defocused in
the yOz plane.

For the arrangement of the poles as shown in Fig. 1,
the electrostatic scalar potential can be represented as a
series with the fourth order in the x,y coordinates [18].
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where U,(z) — quadrupole component of the field.

Fig. 1. Schematic representation of an electrostatic
quadrupole lens

The quadrupole component can be represented as

V1:(Z)

Uy (2) = @)

a
where V — potential at the pole of the lens; r, — radius of
the lens aperture; 1(z) — longitudinal field distribution

profile (Fig. 2).
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Fig. 2. Representation of the longitudinal distribution
profile of the quadrupole field component: 1 —real field
distribution; 2 — approximation of the field distribution
with reduction to the effective length (rectangular
model)

In Fig. 2 the effective field length L,~=/+(0.9...1.1)r,,
where /=z,-z, the physical length of the lens.

Taking into account (2), the electrostatic field can be
represented in the form with dependence on the
coordinates x, y not higher than the third degree

U, "(Z) 3

o
E.(x,y,2) = —& =-2U,(z)x+———

Uz "(Z) 3 €))
3 y

Ey(x,y,2)=——=2U,(2)y -

E,(x.y,7) = —‘Z—‘X” - U, @) - y?).
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Taking into account the fact that the trajectory
coordinates x,y and the momentum spread in the beam 6
are small parameters, we can use a series expansion in
small parameters

m

— [1 20+

2m
2 2 o(x,Y, z)} , ®)
P Po

where p, — is the average momentum of the ions in the
beam.

Let's substitute the ratio (4) and (5) into (1),
multiplying the factors, we leave only the third order of
smallness terms in the trajectory phase coordinates
xx'y,y' and the second order of smallness terms
containing d, we obtain

TX™X

n 2
x":—Bzrx+252rx6+62(%—5272Jx3+% N2x'—

2
Brvz

—BPoxx 2+ B xy? — pPuxy '2—71 X'y

(6)
n 2
y" = +p21y — 2p21ys — P2 [%+ Bzrzj y —B?r’yzy'+
BZ
Bl “ B Byt Sy
where
2m
U, )—— (2) =B*(2). 7)
p’ p°r,

Let us introduce the generahsed coordinates of the
trajectory phase moments in the form

‘i)x :||(Dx,i||i=1...14 =
(X, X, X, X8, %%, XX, xx2,
=[®yillig. 10 =
= ()Y, ¥8, Y3,y YV W2y 8k, e, e,y

X|3v Xyzlxyylu Xy|2|xy2| leylv Xtylz)T; (8)

(=T

Equation (6) in the generalised coordinates of
trajectory phase moments is written as

(CI)“)' = q)x 2

(@) =-P*1D,; + 281D, +B ( —Bzrzj x5+

ﬁz / 2 4.2 2 BZ !,
+?T®x,6_ﬁ 0,7 +p 17Dy g B T(Dx,ll_?rq)x,lz )

(@y2)' =y,
r T"

B B,
—7‘5 (Dy,e +B21:(I)y'7 +B412(I)y’9 +[321:CDy111 +7r (Dyiz-

As can be seen, equations (9) are linear with respect
to the coordinates of the trajectory phase moments (8).
However, in (9) there are 28 unknown functions and 4
equations. The expansion of equations (9) to 28 is
carried out according to the formal procedure of
immersion in the phase momentum space.
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(@y3)' =(X0) =X5=0,,
(@, 4) = (X'3) = X"8 = —2p*xX3+0,
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2p%1D, 4,
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(@y6) = (X*X) = 2xx% + X°x" = 2xx'> = p?1x° + 05 = , , .
D, 1,) =(Xy) =x"y" +2xyy' = —Bxy” +2xyy'+0g5 =
= P, g + 20, (Priz) (Bzyqi o e, (10)
=—pt + ,
(@) = (%) = 2xxX" + x> = —2B*1x°X + X + 05 = xs x4 , , ,
) (Dya3)" = (XYY) = X"y + XY+ Xyy" = B oxyy’+ Xy +
=BTy + P, +BX'Y? +0g = —PD, 1o +B2TD, 1, + D
(@,5) = (x®) =3xx" = -3p%txx'? + 05 = -33°1D, 4, o ° o 'X%O” ) ><,12'2 x,l;l! L
(D' Y = XV 4 20y = 2D 2D (Dy1a) = (XYY = XY™ +2XYY" = B0y + 2B 'Yy +05 =
= = - n ’
(@yg) = (xy) = Xy* +2xyy x10 x,12 :—BZT‘DX,11+ZBZT®X,13-
A similar procedure is used for unknown functions dd B &)y B
®,;, i=3...14. Functions os and o4 contain terms with 4- 5 X=P,-®,, pPr P, @y, (11)
th and 5-th order by trajectory phase coordinates and here th ‘ trices P. and P. h block f
momentum spread, respectively. where the matrices £ and Iy have a block form
In this way, we obtained two systems of linear r
R . . . . Tll TlZ T13 Tl4
ordinary differential equations with respect to the 0‘ T' d (‘)
trajectory phase moment coordinates that approximate P, = 0 82 T 0
the original nonlinear differential equations (5) in the 33
domain of trajectory phase coordinates with the 4-th and 10 0 0 Ty (12)
5-th order of smallness in terms of the spread in [Hy Hy, Hig Hyg
momentum and trajectory phase coordinates. The 0 H 0 0
Iti . b . . ix f P — 2,2
resulting equations can be written in matrix form y=| o 0 Hys O
|0 0 0 Hy
where blocks can be written in the form
-7 0 1 H H 0 1 T 0 O H 0 0
11= 122 = —BZT ol 11 = 22 = th ol 12 = ZBZT ol 12 = —2821 ol
I 0 0 0 0 I 0 0 0 0
Tz = ) Hiz=| 1 1 )
13 %BZT,,_B472 %thr p2 0 13 _EBZT”_W 2 EBZT, B2 0
0 0 O 0 00 [0 0 O 0 00
Ti4= , H
h B 0 —p?t —%Bzr' 0 0 4 Bl 0 Bt %Bzr’ 00
[0 3 0 0 0 3 0 0O
B0 2 0 Bt 0 2 0
T = ) , Hss = ) :
0 -2 0 1 0 2t 0 1
| 0 -3p%t 0 0 0 3% 0
0 2 0 1 o0 0] 0 2 0 1 0 1
Bz 0 1 0 1 0 f 0 1 0 1 0
0 26t 0 0 0 1 0 2§t 0 0 0o 1
T44 = 2 ’ H44 = 2 .
' BT 0 0 0 2 0 ' Bt 0 0 0 2 0
0 -p*x 0 Bx 0 1 0 px 0 pr 0 1
L 0 0 -pr 0 2p°t 0] 0 0 pt 0 2%t 0]

2. ELECTROSTATIC QUADRUPOLE LENS
MATRIZANT
For equations (11), we introduce the concepts of the
matrizant R.(z,z9) and R(z,z) respectively, which are
defined as the matrix of transformation of coordinates of
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trajectory phase moments from the z, plane to the z
plane in the form

D, (2) = R, (2, 29) D, (2o),

- - (13)
D (2) =Ry (2,25)D (7).
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It is worth noting the properties of the matrizant

R.()(23,21)7Ry(1(23,22) Rypy(22,21). (14)
Substituting (13) into (11), we obtain
dR, (z,z,)
Xd—zo =P, (2)-R,(2,2,),
15
dRy(z,zo)_P R (15)
o v (2) Ry (2,2),
with initial conditions

where E — unit matrix.
Matrizants R,(z,z9) and R (z,z9) have the same block
structure as the matrices P,,(z)

_Ri,l Ri’z R)l(,a RiA ]
0 R 0 0
Rx (Z’ ZO) = X 33 ’
0 0 Ry 0
|0 0 0 Ry
_Ril R)l/,z R13 R)l/,A—‘ a7)
0 R 0 0
Ry(z,25) = 23
0 0 Ry 0
0 0 0 Ry
From the form (15) and (17) we can write
drY(z,z
% :Tlvl(z) ’ Riyl(zl 20)1
1 (18)
dRy"(z,29) 1
— =H;,(2)- Ry’ (z,2y).

Let us consider the so-called rectangular field
model, when the smooth longitudinal field distribution
is replaced by a rectangular distribution with the
effective field length L. (see Fig. 2). This distribution
can be written as a superposition of two step functions
[19]

w(2) =[0(z2-25) (2 -7y — Ler )], 19)

where 6(z) single asymmetric step function.

For the rectangular model of the longitudinal field
distribution (19), we have the solution of equations (18)
in the form

I I
RN (z,20) = lel 12 } -

21 T
1 (20)
_| coslB(z-20)] Esm[ﬁ(z—zo)]
-psin[B(z-1y)]  cos[S(z-1,)]
RU(2.2.) = Oip G2 } _
v (2:20) {QM O2,2
€2y

cosh[B(z—2,)] %sinh[ﬂ(z—zo)]
psinh[B(z-12,)] cosh[B(z—12y)]

Once the elements of the matrizants are defined
RM(z, Zy) and Ri’l(z, Z,) the equations can be written
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where

X(20) = %o, X'(29) = %o, ¥(20) = Yo, ¥'(20) = Yo,
0, and o; — functions of the second and third order of
smallness in terms of momentum spread and trajectory
phase coordinates, respectively.

Diagonal blocks of matrizants R¥®, Rj*, R®®, R}

can be obtained by the following formal procedure

3 3
D, 5(2) =x°(2) = (1% + %) =
3.3 L ar2. 21 2 2, 33
=101Xg + 3030 52X Xg + 315X Xg +oXg =
3 2 2 3
=13Poyx 5 + 3110 2 Poy 6 + 3105 Pox 7 + 112Poxs
3 3
D, 5(2) =X7(2) = (1% + %) = (23)
_.3.3 o2 201 2, o2 3 3
=h5a%g + 30510 2X X0 + 301132 %0 X +1,Xg =

_ .3 2 2 3
=151@oy 5 +3131052Pox 6 + 31152 Pox 7 + 152 Poxs

D, 14(2) =X (2)y"?(2) =
= (5% +15,2%0)(A21 Y0 + Uz 2 ¥o): =..=
= 01031 Poy 0+ + 1,202 Py 1a-

As can be seen from (12), the elements of the square
matrices P.(z) and P,(z) include not only the profile
function 7(z), but also its derivatives, which are
expressed through the asymmetric impulse function
¢(z) [19], known in physics as the Dirac function and
its derivatives

d¥ez+a) d*Pei+a)

dz® dz&D '

Given the equality of (20), (21), (23) and (24), the off-
blocks of matrizants RY?, Ry®, Rb,

24

diagonal
Ri,’z, R§’3, Ri,"‘ are calculated according to the
formula [17]

. k 2 . S .
R (Z20) = D [ Ry, @ OP, ORY (¢, 20)dt. (25)
j=1+i 2,
Due to the large amount of calculations, the
elements of the matrices Ry(z,z)) and Ry(z,zo) are
included in the Appendix.

CONCLUSIONS

Based on the introduction of the definition of the
trajectory phase momentum space, a system of linear
ordinary differential equations is obtained that
approximates the original nonlinear differential
equations of motion of a charged particle in the field of
an electrostatic quadrupole lens with the third order of
trajectory phase coordinates. The resulting system of
differential equations is solved by the matrix method by
introducing the concept of matrizant. For a rectangular
model of the longitudinal distribution of the electric
field in a quadrupole lens, a matrizant is obtained that
determines the third-order ion-optical properties of the
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lens. Taking into account the fact that the matrizants of
the electrostatic accelerating structure (accelerator tube)
and the magnetic quadrupole lens were obtained earlier,
it is possible to simulate the motion of the ion beam in a
compact nuclear microprobe in order to determine the
geometric and physical parameters of the immersion
probe-forming system.
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APPENDIX

The elements of the matrices Rx and Ry are given as a fragment of a C program. Only non-zero elements are given,

where x=b(z-z0), b=P.

Rx[0][0] = cos(x);

Rx[0][1] = sin(x)/b;

Rx[0][2] = sin(x)*x;

Rx[0][3] = (-cos(x)*x+sin(x))/b;

Rx[0][4] = -(-sin(x)*cos(x)/3.0+x)*sin(x)*b*b/2.0;

Rx[0][5] = -b*(sin(x)*pow(cos(x),2.0)-cos(x)*x+sin(x))/2.0;
Rx[0][6] = -sin(x)*(sin(x)*cos(x)+x)/2.0;

Rx[0][7] = (sin(x)*pow(cos(x),2.0)+3.0*cos(x)*x-4.0*sin(x))/b/6.0;

Rx[0][8] = sin(x)*b*b*x/2.0;
Rx[0][10] = -sin(x)*x/2.0;
Rx[0][11] = -cos(x)*b*x/2.0;
Rx[0][13] = (cos(x)*x-sin(x))/b/2.0;
Rx[1][0] = -sin(x)*b;
Rx[1][1] = cos(x);
Rx[1][2] = b*(cos(x)*x+sin(x));
Rx[1][3] = sin(x)*x;
Rx[1][4] = -b*b*b*cos(x)*x/2.0-2.0/3.0*b*b*b*sin(x);
Rx[1][5] = -sin(x)*b*b*x/2.0;
Rx[1][6] = -b*(cos(x)*x+sin(x))/2.0;
Rx[1][7] = -sin(x)*x/2.0;
Rx[1][8] = b*b*b*(-sin(x)*pow(cosh(x),2.0)+cos(x)*x+sin(x))/2.0;
Rx[1][9] = -sin(x)*sinh(2.0*x)*b*b/2.0;
Rx[1][10] = -b*(sin(x)*pow(cosh(x),2.0)+cos(x)*x)/2.0;
Rx[1][11] = b*b*(pow(cosh(x),2.0)*cos(x)+sin(x)*x-cos(x))/2.0;
Rx[1][12] = cos(x)*sinh(2.0*x)*b/2.0;
Rx[1][13] = pow(cosh(x),2.0)*cos(x)/2.0-sin(x)*x/2.0-cos(x)/2.0;
Rx[2][2] = cos(x);
Rx[2][3] = sin(x)/b;
Rx[3][2] = -sin(x)*D;
Rx[3][3] = cos(x);
Rx[4][4] = co0s(3.0*x)/4.0+3.0/4.0*cos(x);
Rx[4][5] = (3.0/4.0*sin(3.0*x)+3.0/4.0*sin(x))/b;
Rx[4][6] = (3.0/4.0*cos(x)-3.0/4.0*cos(3.0*x))/(b*b);
Rx[4][7] = (-sin(3.0*x)/4.0+3.0/4.0*sin(x))/(b*b*b);
Rx[5][4] = (-sin(3.0*x)/4.0-sin(x)/4.0)*b;
Rx[5][5] = cos(x)/4.0+3.0/4.0*cos(3.0¥x);
Rx[5][6] = (3.0/4.0*sin(3.0*x)-sin(x)/4.0)/b;
Rx[5][7] = (cos(x)/4.0-cos(3.0*x)/4.0)/(b*b);
Rx[6][4] = (cos(x)/4.0-cos(3.0¥x)/4.0)*b*Db;
Rx[6][5] = (-3.0/4.0*sin(3.0*x)+sin(x)/4.0)*b;
Rx[6][6] = cos(x)/4.0+3.0/4.0*cos(3.0¥x);
Rx[6][7] = (sin(3.0*x)/4.0+sin(x)/4.0)/b;
Rx[7][4] = (sin(3.0¥x)/4.0-3.0/4.0*sin(x)) *b*b*b;
Rx[7][5] = (3.0/4.0*cos(x)-3.0/4.0*cos(3.0*x))*b*D;
Rx[7][6] = (-3.0/4.0*sin(3.0*x)-3.0/4.0*sin(x))*b;
Rx[7][7] = cos(3.0*x)/4.0+3.0/4.0*cos(x);
Rx[8][8] = cos(x)*cosh(2.0*x)/2.0+cos(x)/2.0;
Rx[8][9] = cos(x)*sinh(2.0*x)/b;
Rx[8][10] = (cos(x)*cosh(2.0*x)/2.0-cos(x)/2.0)/(b*b);
Rx[8][11] = (sin(x)*cosh(2.0*x)/2.0+sin(x)/2.0)/b;
Rx[8][12] = sin(x)*sinh(2.0*x)/(b*b);
Rx[8][13] = (sin(x)*cosh(2.0*x)/2.0-sin(x)/2.0)/(b*b*b);
Rx[9][8] = cos(x)*sinh(2.0*x)*b/2.0;
Rx[9][9] = cos(x)*cosh(2.0*x);
Rx[9][10] = cos(x)*sinh(2.0*x)/b/2.0;
Rx[9][11] = sin(x)*sinh(2.0*x)/2.0;
Rx[9][12] = sin(x)*cosh(2.0*x)/b;
Rx[9][13] = sin(x)*sinh(2.0*x)/(b*b)/2.0;
Rx[10][8] = (cos(x)*cosh(2.0*x)/2.0-cos(x)/2.0)*b*b;
Rx[10][9] = cos(x)*sinh(2.0*x)*b;
Rx[10][10] = cos(x)*cosh(2.0*x)/2.0+cos(x)/2.0;
Rx[10][11] = (sin(x)*cosh(2.0*x)/2.0-sin(x)/2.0)*b;
Rx[10][12] = sin(x)*sinh(2.0¥x);
Rx[10][13] = (sin(x)*cosh(2.0*x)/2.0+sin(x)/2.0)/b;
Rx[11][8] = (-sin(x)*cosh(2.0*x)/2.0-sin(x)/2.0)*b;
Rx[11][9] = -sin(x)*sinh(2.0*x);
Rx[11][10] = (-sin(x)*cosh(2.0*x)/2.0+sin(x)/2.0)/b;

[

[

[

[

[

[

Rx[11][12] = cos(x)*sinh(2.0*x)/b;

Rx[11][13] = (cos(x)*cosh(2.0*x)/2.0-cos(x)/2.0)/(b*b);
Rx[12][8] = -sin(x)*sinh(2.0*x)*b*b/2.0;

Rx[12][9] = -sin(x)*cosh(2.0*x)*b;

Rx[12][10] = -sin(x)*sinh(2.0*x)/2.0;

1
]
Rx[11][11] = cos(x)*cosh(2.0¥x)/2.0+cos(x)/2.0;
1
]
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Rx[12][11] = cos(x)*sinh(2.0*x)*b/2.0;
Rx[12][12] = cos(x)*cosh(2.0*x);
Rx[12][13] = cos(x)*sinh(2.0*x)/b/2.0;
Rx[13][8] = (-sin(x)*cosh(2.0¥x)/2.0+sin(x)/2.0)*b*b*b;
Rx[13][9] = -sin(x)*sinh(2.0*x)*b*b;

Rx[13][10] = (-sin(x)*cosh(2.0*x)/2.0-sin(x)/2.0)*b;

Rx[13][11] = (cos(x)*cosh(2.0*x)/2.0-cos(x)/2.0)*b*b;

Rx[13][12] = cos(x)*sinh(2.0*x)*b;

Rx[13][13] = cos(x)*cosh(2.0*x)/2.0+cos(x)/2.0;

Ry[0][0] = cosh(x);

Ry[0][1] = sinh(x)/b;

Ry[0][2] = -x*sinh(x);

Ry[0][3] = (-x*cosh(x)+sinh(x))/b;

Ry[0][4] = -sinh(x)*b*b*(-sinh(x)*cosh(x)/3.0+x)/2.0;

Ry[0][5] = b*(pow(cosh(x),2.0)+1.0)*sinh(x)/2.0-cosh(x)*b*x/2.0;
Ry[0][6] = sinh(x)*(sinh(x)*cosh(x)+x)/2.0;

Ry[0][7] = (sinh(x)*pow(cosh(x),2.0)+3.0*x*cosh(x)-
4.0*sinh(x))/b/6.0;

Ry[0][8] = b*b*x*sinh(x)/2.0;

Ry[0][10] = x*sinh(x)/2.0;

Ry[0][11] = cosh(x)*b*x/2.0;

Ry[0][13] = (x*cosh(x)-sinh(x))/b/2.0;

Ry[1][0] = sinh(x)*b;

Ry[1][1] = cosh(x);

Ry[1][2] = -(x*cosh(x)+sinh(x))*b;

Ry[1][3] = -x*sinh(x);

Ry[1][4] = -cosh(x)*b*b*b*x/2.0-2.0/3.0*sinh(x) *b*b*b;

Ry[1][5] = -b*b*x*sinh(x)/2.0;

Ry[1][6] = (x*cosh(x)+sinh(x))*b/2.0;

Ry[1][7] = x*sinh(x)/2.0;

Ry[1][8] = b*b*b*(-pow(cos(x),2.0)*sinh(x)+x*cosh(x)+sinh(x))/2.0;
Ry[1][9] = -sinh(x)*sin(2.0*x)*b*b/2.0;

Ry[1][10] (pow(cos(x) 2. ())*51nh(x)+x*cosh(x))*b/2 0;

Ry[2][3] = smh(x)/b
Ry[3][2] = sinh(x)*Db;
Ry[3][3] = cosh(x);
Ry[4][4] = cosh(3.0%x)/4.0+3.0/4.0*cosh(x);
Ry[4][5] = (3.0/4.0*sinh(3.0*x)+3.0/4.0*sinh(x))/b;
Ry[4][6] = (3.0/4.0*cosh(3.0*x)-3.0/4.0*cosh(x))/(b*b);
Ry[4][7] = (sinh(3.0*x)/4.0-3.0/4.0*sinh(x))/(b*b*Db);
Ry[5][4] = (sinh(3.0*x)/4.0+sinh(x)/4.0)*b;
Ry[5][5] = 3.0/4.0*cosh(3.0*x)+cosh(x)/4.0;
Ry[5][6] = (3.0/4.0*sinh(3.0*x)-sinh(x)/4.0)/b;
Ry[5][7] = (cosh(3.0*x)/4.0-cosh(x)/4.0)/(b*b);
Ry[6][4] = (cosh(3.0*x)/4.0-cosh(x)/4.0)*b*b;
Ry[6][5] = (3.0/4.0*sinh(3.0*x)-sinh(x)/4.0)*b;
Ry[6][6] = 3.0/4.0*cosh(3.0*x)+cosh(x)/4.0;
Ry[6][7] = (sinh(3.0*x)/4.0+sinh(x)/4.0)/b;
Ry[7][4] = (sinh(3.0*x)/4.0-3.0/4.0*sinh(x))*b*b*b;
Ry[7][5] = (3.0/4.0*cosh(3.0¥x)-3.0/4.0*cosh(x))*b*b;
[6] = (3.0/4.0*sinh(3.0*x)+3.0/4.0*sinh(x))*b;
[7]1 = cosh(3.0*x)/4.0+3.0/4.0*cosh(x);
Ry[8][8] = cosh(x)*cos(2.0*x)/2.0+cosh(x)/2.0;
[9] = cosh(x)*sin(2.0*x)/b;
[10] = (-cosh(x)*cos(2.0*x)/2.0+cosh(x)/2.0)/(b*b);
Ry[8][11] = (smh(x)*cos(z 0*x)/2. 0+smh(x)/2 0)/b;

Ry[9][9] = cosh(x)*cos(2 O*X)
Ry[9][10] = cosh(x)*sin(2.0*x)/b/2.0;
Ry[9][11] = -sinh(x)*sin(2.0*x)/2.0;
Ry[9][12] = sinh(x)*cos(2.0*x)/b;
Ry[9][13] = sinh(x)*sin(2.0*x)/(b*b)/2.0;
1[8] = (-cosh(x)*cos(2.0¥x)/2.0+cosh(x)/2.0)*b*b;
1[9] = -cosh(x)*sin(2.0*x)*Db;
Ry[10][10] = cosh(x)*cos(2.0¥x)/2.0+cosh(x)/2.0;
Ry[10][11] = (-sinh(x)*cos(2.0¥x)/2.0+sinh(x)/2.0)*b;
Ry[10][12] = -sinh(x)*sin(2.0*x);
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Ry[10][13] = (sinh(x)*cos(2.0*x)/2.0+sinh(x)/2.0)/b; Ry[12][11] = -cosh(x)*sin(2.0*x)*b/2.0;

Ry[11][8] = (sinh(x)*cos(2.0¥x)/2.0+sinh(x)/2.0)*b; Ry[12][12] = cosh(x)*cos(2.0¥x);

Ry[11][9] = sinh(x)*sin(2.0¥x); Ry[12][13] = cosh(x)*sin(2.0*x)/b/2.0;

Ry[11][10] = (-sinh(x)*cos(2.0*x)/2.0+sinh(x)/2.0)/b; Ry[13][8] = (-sinh(x)*cos(2.0*x)/2.0+sinh(x)/2.0)*b*b*Db;
Ry[11][11] = cosh(x)*cos(2.0¥x)/2.0+cosh(x)/2.0; Ry[13][9] = -sinh(x)*sin(2.0*x)*b*b;

Ry[11][12] = cosh(x)*sin(2.0*x)/b; Ry[13][10] = (sinh(x)*cos(2.0¥x)/2.0+sinh(x)/2.0)*b;
Ry[11][13] = (-cosh(x)*cos(2.0*x)/2.0+cosh(x)/2.0)/(b*Db); Ry[13][11] = (-cosh(x)*cos(2.0*x)/2.0+cosh(x)/2.0)¥*b*b;
Ry[12][8] = -sinh(x)*sin(2.0*x)*b*b/2.0; Ry[13][12] = -cosh(x)*sin(2.0*x)*b;

Ry[12][9] = sinh(x)*cos(2.0¥x)*b; Ry[13][13] = cosh(x)*cos(2.0*x)/2.0+cosh(x)/2.0;
Ry[12][10] = sinh(x)*sin(2.0*x)/2.0;
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BU3HAYEHHS IOHHO-ONITUYHUX BJACTUBOCTEM EJTEKTPOCTATHYHOI
KBAJIPYIIOJBHOI JIIH3U Y CKJAI KOMIAKTHOI'O SIIEPHOI'O MIKPO3OHIA

B.B. Kypakynos, I.€. ITonoaciii, O.I. Ilonomapsos

BBeneHo BH3HAYCHHS MPOCTOPY TPaeKTOpHHUX (ha30BMX MOMEHTIB. HemiHiiitHi andepeHmiansHl piBHIHHSI PyXy
3apsKEHOT YaCTUHKM B TIOJI EJICKTPOCTATHYHOI KBAaIPYIOIBHOI JIIH3M B TPAEKTOPHHUX (Ha30BHX KOOPIMHATaX
MEPETBOPIOIOTECS HA CUCTEMY YOTHPHOX JIIHIHHUX 3BHYAHHUX TU(epeHIiaIbHUX PIBHAHB y MPOCTOPI TPAEKTOPHUX
(a30BUX MOMEHTIB 13 TpeTiM MOpsAAKOM i3 28 HeBiIOMUMHU. PiBHSHHS, SIKMX Opakye, OTPUMYIOTH y Pe3ynbTati
3aCTOCYBaHHS (popManbHOI MPOLIEAYPH 3aHYPEHHS BHUXIJHHUX PIBHSHb y MPOCTIP TPAEKTOPHUX (ha30BUX MOMEHTIB.
Po3B'130k OTpHUMaHOI MOBHOT CUCTEMH PIBHSAHB IIYKAIOTH y BUIVISII MaTPHLAHTA — MAaTPHLI IEPETBOPECHHS (ha30BHX
MOMEHTIB Y3ZI0BX PYXy 3apsDKCHOT YaCTHHKH, SKa BH3HA4Ya€ 10HHO-ONTHYHI BJIACTHBOCTI CJICKTPOCTATHYHOL
KBaJIPYMOJIBHOT JIiH3H.
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