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MATHEMATICAL MODELING OF SURFACES OF PLASMA
FACILITIES MAGNETIC WINDINGS
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Among the many problems associated with the creation of plasma facilities, the problem of obtaining
mathematical models of the geometry of the magnetic system elements can be singled out. Such elements include
magnetic surfaces, among which the most complex is the helical winding. The article presents methods and
algorithms for obtaining a solid-state geometric model of the helical winding surface using kinematic modeling

methods.
PACS: 52.55.Hc; 52.65.K]j

INTRODUCTION

The most important property of the magnetic
configuration of the system for containing high-
temperature plasma, is the presence of magnetic
surfaces, which are formed by the trajectories of the
magnetic field lines with multiple rotations around the
main axis of the torus. Obtaining three-dimensional
geometric models of magnetic surfaces is the most
important labor-intensive design task. In this article this
task was solved for the design of a magnetic system
with a toroidal two-way helical winding (HW) and
geometric characteristics similar to the geometry of the
Uragan-2M torsatron.

The magnetic system of the facility consists of a
number of magnetic windings, among which the most
complex is the helical winding (HW) [1]. It is two-way
and consists of 40 conductors. The HW conductors are
formed into 2 poles, 20 conductors in each. The HW
poles consist of two half-poles of 10 conductors each.
The HW conductors are located on a toroidal surface
with a large radius R=1700 mm and a small radius
r=450 mm.

The geometric model of the HW surface can be
obtained as a result of the motion in space of a drawing
curve, the shape of which can change or remain constant
during the motion [2].

When modeling the HW, it is necessary to make the
following assumption that at each moment of time the
drawing curve is in the same plane. Therefore, to obtain
a kinematic surface, it is necessary to specify a family
of plane curves and the law of change of the plane in
space. That is, it is necessary to specify the shape of the
drawing curve in the plane and the law of change of
such a curve in space.

Let ¢, (9) — a family of HW plane curves of the,

depends on the parameter U, and belongs to a fixed

plane Rlz, Ty R12 SR - a family of reflections of

this plane in space. Then the surface can be given by a
composition of reflections

o(u,8) =Tyoy(9),
where U, 3 — curvilinear coordinates of the surface.

The choice of a kinematic model is appropriate
when the motion of the drawing curve is described quite
simply or when the modeled surface itself is described
as kinematic.
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Curves formed from the drawing curve ¢,(3) at
those values of the parameter u in which it is known,
are called generating. If the drawing curve is not known,
it is necessary to restore the surface between the
generating curves.

The restoration task is performed as follows - in a
given class it is necessary to select a surface that
satisfies some conditions. If the class under
consideration is narrow, then to obtain a certain answer,
a minimal set of conditions is sufficient, for example, a
set of forming curves.

However, if the class of the considered surface is
quite wide, then for a unique definition of the surface it
is necessary to set additional conditions.

The kinematic nature of the surface is manifested
here in the fact that the basic curves are not just
arbitrary curves in space, but are obtained from each
other according to a certain law that can be used to
restore the surface. The advantage of the kinematic
method of defining a surface compared to other
algorithms is that in this case, significantly fewer
intermediate sections are often required to describe a
surface of complex shape due to additional plane control
capabilities.

1. METHODS AND ALGORITHMS FOR
MODELING THE MAGNETIC WINDINGS
SURFACES

The helical winding of the facility is presented in the
form of current-carrying conductors formed into poles.
The poles are placed on a toroidal surface. When current
is passed through them, a magnetic configuration is
formed that holds the plasma.

Input data: the law of winding (winding line) of the
pole on a toroidal surface; the frame of the generating
curves; boundary conditions; the law of interpolation of
the surface between the generating curves.

Let us introduce the coordinate system (Fig 1).

The law of winding in a toroidal coordinate system

® =i(6—asine—[33in29)+ﬁk,
my |

where k = 0,1,...,.m-1 — pole number; |- number of
2
r r .
poles; o=—"), B=| — | —modulation
2Ry 2Ry

coefficients; m, — number of revolutions (number of
field periods).
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The xyz coordinates are determined from the relation

that connects the global and toroidal coordinate systems
X = (Rq + rcos 0) cos ¢;
y =(Rg +rcos0)sing;
zZ=rsinb.

The framework of the generating curves is
determined by the normal cross-section to the winding
line at point M during movement along (Fig. 1).

We define an array of points belonging to the pole
surface in this cross-section (Fig. 2).

ZA r

M(x)

~Y

Ay —

Fig. 1. Coordinate system: r — small radius of the torus;
Ro — large radius of the torus; ¢,6 — toroidal
coordinates; xyz — Cartesian coordinate system;

1 —torus surface; 2 — winding line; 3 — normal cross-
secti?n to the winding line at point M

Fig. 2. Normal section of the pole at point M, which
belongs to the winding line: 1 — line of intersection of
the normal plane and torus surfaces; h — pole height;
¥— angular width of the pole; 2p — width of the pole in

the average cross-section

To do this, on the normal mnto the torus surface at
point M, we set aside a segment of size h, which is
equal to the height of the pole. On the line of
intersection of the normal plane with the torus surface,
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which has a radius of the meridional section r+g, to

the left and right of point N we set aside segments of
size pand fix points E and G. Through the obtained

points at an angle y=const, we draw lines that

intersect at points A, B, C, D with the lines of torus
surfaces with radii and (r+h). We represent the
coordinates of the points of the array components A, B,
C, D in the Cartesian coordinate system xyz (see Fig. 1).

A set of these arrays, obtained in different
meridional sections (¢ = var), forms a HW raster.

The algorithm for obtaining the HW Kkinematic
surface is quite laborious [3,4]. The task can be
significantly simplified if you use a raster representation
of the surface. In this case, the model of the HW surface
is represented as a grid consisting of characteristic
intersecting lines belonging to the surface. Such lines
are meridional cross-sections and segments connecting
characteristic points when breaking closed lines limiting
the sections. The intersection points of closed curves
limiting the section and segments form raster nodes, and
a set of such points on the modeled surface is a raster
(Fig. 3). If the distance between the raster nodes is
small, then the raster points describe the HW surface
quite accurately.

Fig. 3. Raster representation of the HW surface:
1 — HW poles; 2 — surface of the torus; 3 — meridional
section; 4 — segments connecting characteristic points
of closed lines

When solving practical problems, for example,
calculating the stress-strain state of a magnetic system
[5, 6], there is a need to have access to the surface
points lying between the nodal points of the raster. To
restore the coordinates of points on the HW surface,
approximation by Bezier splines is used.

To restore the surface with a Bezier spline, twelve
more points are added to each grid cell (to the existing
four raster points) so that there are sixteen reference
nodes in each cell (Fig. 4,a). Based on these sixteen
reference nodes, an approximating Bezier surface for
the cell is constructed.

3 3 . . . . -
K9 => >chedau' @-au)*" a8l 1-29)*1K;,
i=0 j=0
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where Au=u-uy, A8=38-3, ﬁlg — binomial
coefficients; kij — radii vectors of reference nodes.

By choosing reference nodes, it is possible to
achieve continuity and smoothness of the surface at the
junctions of cells, as well as to satisfy boundary
conditions at the edges of the surface. In geometric
modeling of the HW surface, a simplified algorithm for
surface approximation is provided, which retains the
advantages of Bezier splines, but requires a significantly
smaller number of reference nodes. These nodes are
added only near the edges of the surface or near the
fracture line. With this approach, the surface will be
smooth everywhere except for the fracture line. The
fracture lines look like lines on which the surface
smoothness is violated.

Let the studied HW surface have curvilinear
coordinates (u,9) so that if the surface is covered with

a mesh u=i, 9=j(i, |j— integers), then the
boundary of the region on the plane (u,3) will be

mesh-polygonal. Let us consider the approximation of a
cell of such a mesh. Let us assume that no corner point
of the cell belongs to the boundary of the region or the
fracture line.

Let's introduce a 4x4 grid of cell vertices into the
vicinity of the cell (Fig. 4,b).

Fig. 4. Bézier surface reconstruction: 16 reference
nodes (a), 4x4 mesh of cell vertices ()

The approximating surface for a cell is described by
the formula

3 3

K(,9)=2] > Ri(u-up)R;(8-90)Kj,
i=0 j=0

where R, (t), 0</<3 polynoms:
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Ro(t) =—t(t—0)2/2;
Ry(t) =3t -5t2 +2)/2;
Ry(t) =@ —4t—0)/2;
Ra(t) =t(t—¢)/2.

The surface has the property of continuity and
smoothness at the cell joints. It is obtained from four
biquadratic segments of the surface by the Overhauser
method.

Let us consider the properties of the approximating

HW surface. To do this, we introduce the notation. The
surface cell corresponds to a square on the (u,9)-—
plane, with up <u<ug+1, 93<9<1 . The cell has
coordinates (Ug+0.5, 9¢+0.5). Nodes are denoted by
pairs of coordinates (u,3), for example (ug,9g+1).
The reference nodes are all sixteen nodes used in its
parameterization.

The continuity of the surface at the junction of cells
is determined by the fact that the junction line is
completely given by the superposition of the same four
nodes that are the reference for both adjacent cells of the
HW surface. This is confirmed by the fact that if the
cells (i+0.5, j+0.5) and (i—0.5 j+0.5) border,
then the coordinates of the point, as the contact line
when approximating one and the other cell, are
described by the same relation

3
K(8)= > Re(8- DKj jik1- 1
k=0

The smoothness at the junction of the cells follows
from the fact that the parametric derivatives of the
surface radius vector at the contact line are completely
determined by the superposition of twelve nodes, which
are the reference for both cells. Indeed, let the cells
(i+0.5, j+0.5) and (i—0.5 j+0.5) border each

other, then the derivative 6K /93 on the right and on the
left is the same according to (1). The derivative
aK/GS\u:i on the right and on the left is expressed in

the same way

& 3
i koo

R (8= D)Kisa, jak—1 — Kir, jok
> .

The presented approach is applied only for the
internal cells of the HW approximating surface. For the
boundary cells, we introduce fictitious nodes instead of
the missing real nodes. The coordinates of the fictitious
nodes are determined from the conditions of
preservation of the continuity and smoothness of the
surface and from the boundary conditions at the nodes
of the edges (or fracture lines) of the HW.

The dichotomy method in the problems of modeling
magnetic system elements. The dichotomy method
(half-division method) is a sequential search procedure
that belongs to direct methods of one-dimensional
optimization. The algorithms use the principle of
division in half and allow you to quickly exclude distant
links of intersecting objects and focus on close ones.
The following algorithms were used: finding the
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intersection points of two multi-link polylines; two
spline curves; surface and straight line.

In geometric modeling of the HW surface, a
simplified surface approximation algorithm is provided,
which retains the advantages of Bezier splines, but
requires a significantly smaller number of reference
nodes. These nodes are added only near the edges of the

surface or near the fracture line. With this approach, the
surface will be smooth everywhere except for the
fracture line. The fracture lines look like lines where the
surface smoothness is disturbed.

The simulation results are presented at Fig. 5

b c

Fig. 5. HW surface shaping: a) by a set of meridional cross-sections; b) raster representation of the surface;
c) surface reconstruction by a Bezier spline

CONCLUSIONS

The article presents mathematical models, methods and
algorithms that allow obtaining three-dimensional solid-
state and surface geometric models of plasma facility
helical winding. Kinematic modeling methods, Bezier
splines and Overhauser equations are used to determine the
coordinates of the points of the surface being modeled.
Based on the developed mathematical models, a number of
engineering calculations of the system can be performed —
calculations of the stress-strain state of the system and heat
transfer processes.
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MATEMATHUYHE MOJAEJIIOBAHHS IIOBEPXOHb MATHITHHUX
OBMOTOK IINTASMOBHUX YCTAHOBOK

B.11 JIyk’anoea, C.I. Ilpoxopeusv, M.A. Xaxcmypaoos

Cepen OaraThox mpoOiieM, MOB'A3aHMX i3 CTBOPEHHSM IUIa3MOBHX YCTaHOBOK, MO)KHA BHUIIIMTH TNIPOOIIEMY
OTpUMaHHSI MaTEMaTUYHUX MOJEJEH TeoMeTpii eIeMeHTIB MarHiTHOI cucTeMu. J[0 Takux €JIEeMEHTIB BiTHOCATHCS
MarHiTHI TOBEPXHi, cepell SKUX HAHOUIBII CKJIATHOK € TBUHTOBa OOMOTKa. HaBemeHO METOaM Ta ajropuTMHU
OTPUMAHHS TBEPAOTUILHOI TE€OMETPUYHOI MOJETI IOBEPXHI TBHHTOBOI OOMOTKM METOJAaMH KiHEMATHYHOTO
MOJICITFOBAHHS.
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