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A numerical calculation of electron trajectories was carried out based on a hierarchical coupled model of cathode
induction heating. The distribution of magnetic and electric fields generated by the inductor current was computed,
which defines the boundary conditions for solving the total current equation and calculating current distribution in
the device components. As a result, the temperature distribution within the cathode is established. The spatial distri-
bution of physical properties within the cathode is taken into account in all energy conversion processes.

PACS: 29.25.Bx — Electron sources, 02.70.-c — Computational techniques; simulations

INTRODUCTION

Thermionic cathodes, being the core elements of
vacuum and gas-discharge devices, remain subjects of
research, development, and implementation [1 - 3].
Since the thermionic cathode in a vacuum tube is in-
tended to emit electrons through heating, various meth-
ods of cathode heating are also being studied and devel-
oped. In addition to traditional directly heated and indi-
rectly heated cathodes [4], designers have explored
heating by means of inductors [5] and laser radiation [6,
7]. To increase emission current, microchannel cathodes
are used [8]. In gas-discharge devices, plasma cathodes
[9] are employed — sometimes referred to as virtual
cathodes — but a metallic cathode is still required to ini-
tiate plasma generation.

The stable application domain of vacuum and gas-
discharge devices is determined by their advantages
over solid-state electronic devices:

- power density is two orders of magnitude higher;

- noise characteristics are two orders of magnitude
lower;

- radiation resistance is several orders of magnitude
greater.

These advantages have driven the development of
high-power vacuum and gas-discharge devices, includ-
ing measurement systems and equipment for specialized
applications in the aerospace and defense industries.
These include electron tubes [10], electron guns [11],
microwave generators [12, 13], CRT displays [14], and
X-ray sources [15]. The thermionic cathode remains a
key component of electronic technology effectively
used in complex engineering systems.

Induction heating (IH), which was previously used
for cathode conditioning [10], allows the cathode to be
electrically isolated from a grounded heating source
while applying a high potential to it. This is essential for
many technological and measurement devices [11, 15].

Laser heating also enables electrical isolation of the
cathode from the heater, but it is inefficient due to ener-
gy conversion losses (electrical-optical-laser-thermal),
with an efficiency of less than 1% [6, 7].

The traditional method of indirect heating of a ther-
mionic cathode via thermal radiation through a layer of
high-voltage insulation is also ineffective. The devel-
opment of new electronic devices requires optimization

of cathode geometry. Global experience with IH indi-
cates broad design possibilities for cathodes using this
method: cup-shaped, grid-type, and multi-lobed, multi-
cell structures. IH allows tuning the current frequency
for uniform heating of cathodes with various shapes.

In IH, electrons are affected both by the electrode
potentials and the electromagnetic field of the inductor.
Investigating this influence is the objective of the pre-
sent study. The research was carried out by numerically
calculating electron trajectories, based on a physical and
topological model of the cathode assembly with induc-
tion heating.

1. MODELING OF INDUCTION HEATING

Modeling of induction heaters is actively applied
across various industries: in metallurgy for optimizing
billet heating prior to forging or rolling; in electronics
for the development of induction heating systems used
in soldering and heat treatment of components; and in
medicine for designing induction-based hyperthermia
and sterilization systems.

The numerical calculations are based on the finite
element method (FEM), which is widely used for induc-
tion heating simulations due to its ability to accurately
describe complex geometries and account for tempera-
ture-dependent material properties. Reference [16] pre-
sents the results of a three-dimensional FEM analysis
that incorporates the temperature dependence of materi-
al characteristics.

When taking into account the interaction of various
physical processes, multiphysics modeling based on
physical-topological models is employed. In [17], an ap-
proach is described that combines electromagnetic and
thermal modeling with experimental validation, providing
high accuracy in predicting device characteristics.

Semi-analytical methods are also widely used to im-
prove computational efficiency. In [18], a method is
presented that combines initial FEM analysis with ana-
Iytical equations, enabling faster simulations while
maintaining accuracy.

2. MODEL OF A THERMIONIC CATHODE
WITH INDUCTION HEATING

The calculation of the characteristics and parameters
of any device is a complex task, as it requires the se-
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quential solution of interrelated problems involving var-
ious physical phenomena. Such calculations are com-
monly referred to as multiphysics simulations. This ap-
proach is implemented through a physical-topological
model that takes into account structural elements, de-
fines the calculation sequence, and establishes the inter-
relations between physical processes.

Fig. 1 shows the physical-mathematical model used
to calculate the characteristics of a cathode with an in-
duction heater. The bottom row of the figure describes
the functional purpose of each element in the model.
The mathematical models are solved top-down, taking
into account the initial conditions. The results of each
stage are passed on to the subsequent mathematical
model as its initial conditions. Feedback loops, shown
as arrows, indicate the necessary adjustments to initial
conditions related to the device geometry and the pa-
rameters of the supply voltage.
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The presented physico-topological model encom-
passes mathematical models of four distinct physical
processes:

- a combined electromagnetic field and current model;

- a heat transfer model for determining the tempera-
ture distribution within the cathode;

- a model describing electron emission from the
cathode surface;

- a model of electron trajectories within the gap be-
tween the cathode and the anode.

Each mathematical model utilizes material parame-
ters to define the coefficients within the governing
mathematical equations, as well as initial conditions
established by the design features of the device elements
and their inherent physical properties.

The numerical computations yield spatial distribu-
tions of the relevant physical quantities within the ele-
ments of the device. These distributions serve as initial
conditions for the subsequent mathematical model in the
sequence. This stepwise approach continues until reach-
ing the final model, which calculates the target device
parameter. For the model under study, this parameter is
the anode current, which can be employed as an optimi-
zation criterion for the device.

To change the initial conditions of the mathematical
model, it is necessary to modify either the design or the
parameters of the supply current.

The following sections consider the main mathemat-
ical models along with their initial conditions.

2.1. MATHEMATICAL MODEL OF CURRENT
AND ELECTROMAGNETIC FIELD

The combined model of current and electromagnetic
fields includes Maxwell’s equations [19, 20] for calcu-
lating the electromagnetic field in vacuum based on the
inductor current, followed by the calculation of currents
in the cathode while considering the skin effect. Since
the device has a symmetrical design, calculations using
this model are more conveniently performed in cylindri-
cal coordinates.

The electrical conductivity of metals is assumed to
be independent of the direction and intensity of the elec-
tric field, related by Ohm’s law: j=ocE. The magnetic
properties of the materials are assumed linear, so the
magnetic field varies sinusoidally in time. This assump-
tion allows incorporating integral values of magnetic
permeability and electrical conductivity of the compo-
nents.

For the calculations, it is necessary to specify the
electrical conductivity of the cathode and the inductor at
operating temperatures. The analysis is simplified by
representing the electrical currents as complex numbers:
2=z expli(at +¢,)]: with a phase shift of 90° between
the imaginary and real parts. Then, a linear combination
of these complex quantities can represent an arbitrary
phase angle. The complex quantity includes:

- the instantaneous value for the phase @, = -0t

2,, = Re[z,€"" "™ ] =z,c08(p, - 0,)
- amplitude value z;

- active value Zz == 7 Z,.

The current in the inductor is defined as the sum of
the electric current from an external source and the eddy
current that induces a magnetic field in the vicinity of
the cathode: J = Jouemar + Jeaay -

The electromagnetic field is described by a partial
differential equation with respect to the complex ampli-
tude of the vector magnetic potential A (B=VxA, B —
magnetic flux density vector) [21]. In this case, the
magnetic flux density vector B lies in the plane of the
model (z0r), while the vector magnetic potential A and
the electric current density vector j are orthogonal to
that plane.

The components of the time-varying fields — j, and
A, — are non-zero. If we denote these as j and A, and

take into account that

g, LA 01 3A)
r or oz\u, oz)

for the axisymmetric model, we have:
o 1 o(rA o 10A) . .
- _Q 4+ == _Iw'y'A:_Jeddy’
or\ru, or oz\ u, oz

where the components of the magnetic permeability
tensor u,, uy, and electrical conductivity y are constant in

g A
oz’
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each element of the model. The current component
jeddy is inversely proportional to the radius (~1/r).

Up to the megahertz frequency of the electromagnet-
ic field, the displacement current density affects the
processes — we neglect it. That is, we do not take into
account the component OD/0t in Ampere's law

. oD .
rotH =j +%. Then we have: rotH=j.

Model boundary conditions

At the boundaries of the calculation domains and on
the axis of symmetry of the cathode, the Dirichlet condi-
tion is set with the value of the vector magnetic poten-
tial Ag [19], which determines the absence of the normal
induction component. The normal component of the
magnetic induction vector on the cathode and inductor
surfaces is also determined. The Dirichlet condition
with axial symmetry is as follows: rA,=a+bzr+cr’/2,
where a, b, and ¢ are constants specific to each surface.
In this case, the external field is defined by the normal
component of the magnetic flux density at the boundary
between the cathode and the crucible. The normal com-
ponent of magnetic field induction on the cathode sym-
metry axis is equal to zero (B_=0), i.e. a homogeneous

Dirichlet condition is given.

The normal component of induction is
B, =csina +bcosa, where a is the angle of inclination
of the surface to the z-axis.

The boundaries of the computational domain form a
surface of magnetic antisymmetry, where homogeneous
Neumann boundary conditions are applied: at the inner
boundaries H +t — H' = &, where H; is the tangential
component of the magnetic field strength; at the outer
boundaries H; = o, where o is the linear density of the
surface current. The "+" and "-" indexes indicate the
areas to the left and right of the surface.

The values of the electrophysical and thermophysi-
cal parameters of the components are taken into account
at the operating temperature corresponding to the speci-
fied electron emission.

The inductors are made of copper tubes for water
cooling, which have high electrical conductivity. The
operating temperature of the cooled inductors does not
exceed 320 K.

Thermionic emission is described by the Richard-
son-Dushman equation:

P
J=AT% ¥,
where: J is the emission current density (A/m?);
A =120.173 A/(cm*K?) is the universal emission con-
stant, strongly dependent on the material and the state of
the surface; T is the cathode temperature (K); ¢ is the
work of electrons leaving metals (eV); k is the Boltz-
mann constant (k = 8.617-10”° eV/K).

Table 1 shows the emission characteristics of cath-
ode materials at operating temperature.

Tungsten cathodes possess high thermal stability,
but require elevated temperatures for efficient emission
due to their large work function. The addition of thori-
um reduces the work function, enabling high emission
at lower temperatures.

Coating the cathode with barium or strontium oxides
significantly lowers the work function, providing high
emission at relatively low temperatures. Materials such
as LaBg have a low work function and high stability,
and are frequently used in electron microscopes and
other devices.

Table 1
Physical parameters of cathode metals
5. E¥ |87
. Selcg|ck
Cathode Material o c| 83| 6=
SS| 28 |g<
ST E&|EC
O L w S
Tungsten (W) 45 | ~2500 | 60
Molybdenum (Mo) 4.7 | ~2600 | ~3.1
Tantalum (Ta) 4.2 | ~2350 | ~0.6
Niobium (Nb) 4.2 | ~2150 | ~0.5
Thored W (Th-W) 2.63 | ~1700 | 3.0
Lanthanum Hexaboride (LaBg) | 2.66 | ~1800 | 29
Strontium Vanadate (SrvO3) | ~2.1 | ~1023 -
Barium oxide (BaO) 1.1 | ~1000 | 1072
Carbon Nanotubes ~4.5 | ~500 -

The addition of thorium or coatings of barium or
strontium oxides reduces the work function, enabling
high electron emission at lower temperatures. Lantha-
num hexaboride (LaBg) exhibits high stability. The per-
ovskite SrVO; is a promising material for cathodes op-
erating at low temperatures. Cathodes based on nano-
materials are used for field emitters due to the strong
dependence of emission on the electric field strength.

Despite the variety of available cathode materials,
high-power devices (above 10 kilowatts) use only re-
fractory metals and dispenser cathodes based on them to
ensure reliability, longevity, and stable emission.

Table 2 the characteristics of the most commonly
used cathode materials are presented.

Table 2
Electrical conductivity of metals at operating
temperature
Cathode Material E:Ie\;;l'ir)l/caigg g::}c
Tungsten 1.35
Molybdenum (Mo) 18.7
Tantalum (Ta) 73
Niobium (Nb) 6.7
Thored W (Th-W) 5
Lanthanum hexa-boride (LaBg) ~2
Strontium Vanadate (SrVO3) ~0.1

Design values and characteristics

When studying devices with induction heating of the
cathode, the following characteristics are determined:

1. Distribution of currents in the cathode.

2. Distribution of magnetic and electric field
strength around the cathode and inductor.

3. To determine the temperature field, electrical
losses as heat sources in the cathode (combined thermo-
electric problem).

52 ISSN 1562-6016. Problems of Atomic Science and Technology. 2025. No4(158)



4. Inductor impedance to determine the efficiency of
the design and operating mode of the device.

Fig. 2 shows an example of calculating the magnetic
field strength in the vicinity of a cathode of a complex
shape.

Due to limitations on the publication volume, the so-
lution of the thermal problem is not presented in the
paper. The result of this analysis is the temperature dis-
tribution across the cathode surface, which determines
the emission current from the surface. Since emission
currents of real cathodes strongly depend on the materi-
al, design, and surface condition (such as cathode acti-
vation), these parameters are typically accounted for
empirically. This leads to noticeable discrepancies be-
tween simulation results and experimental data. There-
fore, the authors deemed it appropriate to present the
trajectories of electrons emitted by the cathode in the
field of the inductor and collector (anode).
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Fig. 2. Distribution of the magnetic field strength
in the vicinity of the cathode of a complex shape

Although solving the induction heating (IH) problem
for the cathode is important, the abundance of existing
literature on IH and the limited scope of this publication
compel the authors to omit the IH model and focus in-
stead on the analysis of electron trajectories.

2.2. MATHEMATICAL MODEL
OF THE ELECTRIC FIELD

Electric and magnetic fields act on an electron mov-
ing at a speed V' with a force determined by the Lorentz
formula:

F =eE +¢[VB],
where e is the charge of the electron.

To determine the structure of the electric field, the
equation of the electric potential ¢ was numerically

solved
Vle- Iy Vo |=0, @

where y is the electrical conductivity of the medium.
Equation (1) is obtained by the joint solution of the
Poisson equation for the electrostatic field (v -<E = p),
and the equation of current spreading in a conducting
medium (V- J = -iwp) taking into account Ohm's law

(=gE).

For an axisymmetric two-dimensional problem,
equation (1) takes the form

Eg grra_go +£ gza_(o :_p,
ror or oz oz

where ¢, and &, are the elements of the tensor of the

dielectric constant of the medium, which are constant
within each element of the heater under study.

When calculating the problem, boundary conditions
were set in the form of potentials of conductive surfaces
(Dirichlet condition) (Fig. 3):

-at the boundary of the computational domain
?=0;

- at the upper turn of the inductor ¢, = 77.3 V, the

voltage that ensures the heating of the cathode in the
considered model to the operating temperature at a fre-
quency of 440 kHz;

- at the middle turn of the inductor ¢, = 38.7 V, half

voltage;
- on the lower coil of the inductor ¢, = 0.

An example calculation of the electric field structure
with device components is shown in Fig. 3, where sur-
face potentials and equipotential lines at 5V intervals
are presented.

There is no azimuth component of the field.

bound (p:o/‘_;

<p,=77.3vQ‘ W
38.7VQ“‘
O

r
Fig. 3. Model of the electric field

2.3. ELECTRON TRAJECTORIES

To determine the trajectory of an electron in a non-
uniform electric field, it is necessary to specify its mass,
charge, initial velocity, and direction of emission from the
surface. The emission angle is measured from the direc-
tion of the model’s axis of symmetry. The angle between
the emission direction and the plane of the model is as-
sumed to be the same for all particles in the beam.

The following are determined as a result: the trajec-
tory length, flight time, and the electron velocity at a
point along the trajectory (marked with a cross on the
trajectory map).

Electron trajectories are calculated based on the dis-
tribution of the electric field under the following as-
sumptions:

- relativistic effects are not considered due to small
accelerating voltages;

- the electrostatic field does not change (steady-state
mode);
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- within a finite element, the electrostatic field
changes linearly;

- the influence of the electron space charge is not
taken into account in the equation of motion (approxi-
mation of infinitely small current).

The trajectory (x(t), y(t), z(t)) of an electron in a two-
dimensional electrostatic field E(x,y) is described by
Newton's system of differential equations:

d?x g
——=—E, (X, Y);
a2 om (X Y)
d’y g
——=—E,(X,y);
2 m y(X,Y)
d?z

dt?

Equation determining the length I(t) of the trajectory

at time t:
d \/(dsz (dyjz (dzjz
_ = —_ +| — +| —
dt dt dt dt) -

Integration of the system of equations is performed
using the Merson-Runge-Kutta numerical method: the
step size is selected automatically; numerical integration
stops immediately before the boundary of the finite el-
ement; in the last point inside the element, the trajectory
is extrapolated using the first three terms of the Taylor
expansion with respect to time. The resulting equation is
solved using the Tartaglia-Cardano formula and takes
into account the reduction of the equation order in uni-
form or zero fields.

In the calculations, electrons emitted by the cathode
are assumed to have an average energy corresponding to
the Maxwell distribution:

1m\72 = 2kT.
2

At a temperature of 2800 K, it will be
E=7.72810%°J=0.483eV.
The average velocity of such electrons is:

V= 2\/§ =4.119-10° [m/s].

At this speed, an electron in a vacuum will travel a
distance S =5 cm (reach the anode) in a time of

t=s/V=1.2110"s.

The half-life of the field oscillation at a frequency of
440 kHz is:

r=1/2f =1.136:10°s.

During the positive half-period of the field, the elec-
tron manages to fly through the space of the device sev-
eral times. In the negative half-cycle, electrons are lim-
ited by the field in the region of bulk charge near the
cathode surface. Current ripple can be avoided by
grounding the top coil of the inductor.

Fig. 4 shows examples of calculated trajectories
Calculations were performed at the amplitude of the
positive half-cycle of the inductor’s electric field that
ensures heating of the cathode to the operating tempera-
ture. Electron trajectories are shown for emission from
various points on the surface at angles ranging from 0°
to 85° relative to the surface normal. When the inductor
has a negative potential, the electron trajectories are less
curved.

Fig. 5 shows examples of calculated trajectories at
an accelerating potential on a collector of 500 V. Elec-
trons emitted from the inner cavity of the cathode are
drawn into a beam to the anode.

Depaﬁure angles
Oinin = -390 [degrees]

Omax= 90 [degrees]
¢=0 ™
¢,=0

0 [degrees]

Fig. 4. Electron trajectories at different initial velocity
vectors
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Fig. 5. Electron trajectories at an accelerating potential
on a collector of 500 V

An insulator — either a glass or ceramic vacuum de-
vice housing — must be placed between the inductor and
the cathode to prevent electron current from reaching
the inductor. However, insulators can accumulate
charges on their surfaces, creating parasitic fields and
currents. To prevent these parasitic effects and to con-
trol electron trajectories, potential shields with longitu-
dinal slits are used around the cathode, allowing the
magnetic field to penetrate to the cathode.

CONCLUSIONS

The problem of analyzing electron trajectories emit-
ted by a cathode with induction heating (IH) has been
solved based on a physical-topological construction of a
coupled model of the main processes. The combined
model of induction currents and the electromagnetic
field allowed determination of the current distribution in
the inductor and cathode, as well as the structure of the
magnetic and electric fields in their vicinity. Currents in
the cathode define the temperature distribution over its
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surface and, accordingly, the electron emission. The
structures of the magnetic and electric fields determine
the electron trajectories.

The study of electron trajectories showed how the
cathode shape controls the electron paths. The devel-
oped coupled model enables effective optimization of
the design and operating modes of devices with IH
cathodes.

Thus, the obtained data from the trajectory analysis
laid the groundwork for the correct design of a device
with IH at the next stage of practical implementation.
Following this work, the testing of a new principle for
constructing electron vacuum devices with an inductive-
ly heated thermionic cathode will be carried out.

Cathodes with IH open up broad prospects for use in
high-power vacuum electronic devices without galvanic
connection between the heating source and the cathode
at high potential, as they potentially outperform contact-
less heating by laser or resistive heaters through a die-
lectric shell in terms of parameters.
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MOJIEJTIOBAHHSI TEPMOKATO/A 3 IHAYKIIMHAM HATI'PIBAHHSIM
JIL./I. Hucapenko, LJI. l{ubynvcokuii

YucenbHuil po3paxyHOK €IEKTPOHHUX TPAEKTOPii OyiI0 MpOBEAEHO Ha OCHOBI iepapXivHOi 3B'A3aHOI MOJEN Ka-
TOJHO-IHAYKIIHHOTO HarpiBaHHs. Byngo o04MCIIEHO pO3MOJI MAarHITHUX Ta €IEKTPUYHUX IIOJIB, SIKI TEHEPYIOTHCS
CTPYMOM iHJIYKTHBHOCTI, III0 BU3HAYAE TPAHUIHI YMOBH JJIsl PO3B'SI3aHHS PIBHSHHS IOBHOTO CTPYMY Ta PO3pPaxyHKY
PO3MOJITY CTPYMY B KOMIIOHEHTaX MPHUCTPOI0. BCTaHOBIEHO pO3MOAiN TeMIepaTypu BeepeanHi kaToaa. [Ipoctopo-
BUH pO3MOALT (i3UYHUX BIACTUBOCTEH BCEpEeIUHI KaTo/1a BPaXOBY€ETHCS Y BCIX MpoIiecax MepeTBOPEHHS SHEPTIi.
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