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The theory of first-order processes in the fine structure constant involving a polarized virtual (intermediate)
photon state in the field of a linearly polarized electromagnetic wave has been developed. The obtained results
constitute a part of the theory of second-order processes with respect to the fine-structure constant, whose
probabilities can be expressed in terms of the probabilities of first-order processes.
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INTRODUCTION

The rapid advancement of laser technology has made
it possible to conduct experiments aimed at an
investigation of quantum electrodynamical (QED)
processes in fields whose intensities are comparable to
the critical (Schwinger) field [1, 2]. Despite the success
of experimental studies, the theory of second-order
processes remains undeveloped. This is primarily due to
the fact that, within the framework of the standard
approach [3] in calculating probabilities, the resulting
expressions are excessively complex and cumbersome
for analytical studies. Consequently, to compare
theoretical predictions with experimental data, various
approximations are employed, such as the equivalent
photon method [4, 5], the resonance approximation (see,

g., [6, 7]), and the light-front approximation [8],
among others.

The authors propose a theory of second-order
processes with intermediate photon states, which makes
it possible to express their probabilities in terms of the
probabilities of first-order processes that describe
polarization effects associated with the intermediate
photon state. In this framework, a separate problem
arises — the extension of the theory of first-order
processes to virtual photon states.

There are four first-order processes in the field of
an electromagnetic wave that can occur within the wave
field:

a) Emission of a photon by an electron during
scattering in the field of an electromagnetic wave (Fig.
1,a).

b) Annihilation of an electron—positron pair in the
field of a monochromatic electromagnetic wave
(Fig. 1,b).

c) Creation of an electron—positron pair by a photon
in the field of a monochromatic electromagnetic wave
(Fig. 1,c).

d) Absorption of a photon by an electron in the field
of a monochromatic electromagnetic wave (Fig. 1,d).

The processes will be considered in the field of a
linearly polarized monochromatic electromagnetic wave:

A = ae, cos ¢, (D)
where k = (w,K) is the wave vector; a = F/w; where
w and F are the amplitude and frequency of the wave
field, respectively; ¢ = (kx) is the phase of the wave.

Fig. 1. Feynman diagrams of first-order processes in the
wave field

Calculations will be performed for the process of
photon emission by an electron. Results for other
processes can be obtained by simple substitutions due to
the cross-invariance of these processes.

Fig. 2 presents the diagrams of second-order
processes with respect to the fine-structure constant
involving an intermediate photon state, which can be
described by a single diagram.
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Fig. 2. Feynman diagrams of second-order processes
with an intermediate photon state, represented by a
single diagram: a — electron-muon scattering;

b — conversion of an electron-positron pair
into a muon pair
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Although these diagrams can be drawn from 1st
order diagrams (see Fig. 1), which also works for
amplitudes, it cannot be done for process probabilities
since the calculation of probability using standard way
leads to the procedure of obtaining a spur. As a result
components related to the 1st order subprocesses are
mixed and the possibility of writing the probability of
the 2nd order process in terms of the 1st order
probabilities disappears.

However, it is possible to express the probabilities of
2nd-order processes in terms of 1st-order probabilities,
but their theory must be extended to polarized
intermediate states located outside the mass surface. For
these reasons, obtaining such probabilities is a separate
problem, which is the subject of this study.

AMPLITUDE
The amplitude of the process of photon emission by

an electron in the field of an electromagnetic wave (see
Fig 1,a) has the form;
Varn

—ie [ ef PLW
where p; - = (E; s, pis) are the four-momenta of initial
(i) and final electrons (f); k; = (wy, k) is the 4-
momentum of emitted photon (we assume the photon to
be virtual: k} # 0); V is the normalization volume; x is
the radius 4-vector; e is the photon polarization 4-
vector satisfying the conditions: (kser) =0, (eref) =
—1; hats above four-vectors denotes the scalar product
of corresponding four-vector with the Dirac matrices:
a = (yua#).

Note that unlike real, virtual photons are not
transverse and therefore possess three polarization states
[3].

In expression (2) ¥, is the wave function of an
electron in the field of an electromagnetic wave [3].

The amplitude of the process of photon emission by
an electron in the wave field, after integration over the
four-coordinate x of the vertex, can be expressed as a
sum of partial components:

= %7 S5, 3)
= C(ef])s W (B; + e — by — k), (4)

Ju= aprl.#(pf'pi)um' ()
where C is the normalization constant; w,, is the bispinor
of a free electron and it is denoted

_i(kfx)d4x, (2)

O}
Sﬁ

Ml,li(pf’pi) = LlV,L + 2(k )le +
™ pk,—-—"_p,,)k+
+
(8(k17f)(km) P 2(kz>) “‘)
m, sz 1
+ B-Dikyy, By = @ t o (6)
Ly =X o Ji—2s(V)]s(2), @)
Dy =e.Dy, Dy =n(Lipq + Li—q), (8)

where n = |ela/m is the classical relativistic invariant
parameter characterizing the intensity of the wave [9].

The arguments of the Bessel functions in expression
(7) take the form:

=2ln— \/p(l — P = Bres) cOS Y, ©)

_ ’p 2B
z=ln* m24 P== (10)
s pi
Y =2z(g,6) 9= COCE, (11)

K% 1(kk
Bres = 47712};{,' 1= % (12)
where M =m,/1+n?/2 is the effective mass of an
electron (positron) in the field (1).
From the conservation law of the 4-momentum (the
argument of the d-function in expression (4)) for k]? we
obtain:

k? = 2> (1 +2t - (P@)), (13)
where P = (P, P) = p; + lk.
The maximum value of k7 is taken for E, =

Po/\JT+u;, 2(P, ;) = 0 and is equal to:

K =2m?*(1+w/2 —1+uw). (14)
Note that based on the conservation laws of 4-

momentum, there are no restrictions on the minimum
value of kj? . However, considering that the theory is
meaningful only within the paradigm of second-order
processes, for which all particles except the intermediate
ones must be on the mass shell, this leads to a lower
bound for k7 .

To simplify the calculations we expand the four-by-
four matrix (efM,) in a basis set of four-by-four
matrices [3]. As resulting we obtain:

(efM;) = b —ipy°k, (15)

where
b=1Lef+ % B+D, (exef), (16)
B =7 B-Di(eyef). (17)

PROBABILITY

The differential probability of a photon emission by
an electron in a wave field per unit of time can be
expressed in terms of partial components:

dwy; = Zi2; dwy?, (18)
where the differential partial probability dw (l) is
defined by the expression:

dw® = |sO) L8P o war,  (19)

T(2m)®
where T is an infinite time interval; w,, dI’ are given by
the expressions:

~ « 2
WO = 62/(87TEi), W = |(ef])| y (20)
d3ksd3py . ~
ar = Wé‘(“)(pi +l—pr—kf).  (21)
To describe the polarization properties of the

intermediate (virtual) state, we consider an orthonormal
basis in 4-dimensional space:

ey =Ny, €, €,e3 = l—(kflf) + ng, (22)
ng =k/ /|kf2| A=e2 =41, (23)

_ o _ (krex) _ (krey)
er= ey — Gk k e = e, — Lk (24)

where e, e, coincide with the 4-vectors of polarization
of a real photon [9]; e; corresponds to the additional
polarization of the virtual photon.
In the expansion of the 4-vector J (5) over the basis
(22), there are three components:
J =—(ees — (Jez)e; — A(Jes)es. (25)
The contribution of the vector e, is absent due to the
orthogonality of the photon and electron currents:
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(keJ) = (ngJ) = 0. (26)
Taking into account the expansion (25) for W (20)
we obtain:

W= WUnpolar +
@@
+X7 =1 Z, i+1 513 (W(ei) - W(ej)) +

527 (w (o)~ w (e),)) +

L8 (@ (W(e(ll)) w(e(”))) (27)
WUnpolar =|JI*= L
= iSp{(ﬁf +m)My, (b +m)M;'}, (28)
w(e) = |(e))I* =
= =sp{(B; +m) (M) + m)(EM)}.  (29)

In the expression (27) fl(”), EZ(”), {,fm — generalization
of the Stokes parameters to the case of 3 polarizations:

an _ = |(ete; )| |(e}‘ej)|2, (30)
éu) =2%R ((efel-)(efej))l (31)
fém =23 ((efei)(efef))' 2

(U))]

tm/4
+45°, ' correspond to circular polarizations in the
plane ele, (there are three such planes:e; e,, e;e3, e;€3):

@) _ete ) _ eitie;
o =5 1 =5 (33)

For an unpolarized photon (22), the calculations yield:
% == (1 + 2Ul Fﬁres) L%
+n%(1 + 2v;p)(DF — D, Ly). (34)
A general formula for calculation (29) can be written in
the case of polarization vectors lying in the plane of
polarization e, e,:
w(e) = 2|(pie”)L, + m(e“e)nD,|* —

—21(kkf)BresL? +

Vectors e correspond to polarization at an angle

m?n?  (kkp) -
2 (km)(kpf) (D+ DZLI)I (35)
D2 = 2Ll + Ll+2 + Ll—2' (36)

For effects related to linear polarization in the plane of
e, e, We obtain:

W(e1)-W(ez)
2

= 1?(D2 = DyLy) —

2m 2
- (1 +27% + (g) (1 + u{) ,Bres> I2. (37)
12 = ZBZ sin®1 =
= () ot Pl sin? (38)

For effects related to polarization at an angle +45° in the
plane e; e, we obtain:
@) @)
w (enM) -w (e_n/4) B
2m? -

m [1—p—
=2 p—BTeSSinlpx
mw’ p
X (nD+ + %Ll ’1_%3”5 cos 1/)) Ly. (39)

This expression is an odd function of the azimuthal
angle ¥ and vanishes upon integration over it.
Effects associated with circular polarization in the

e, e,, plane do not manifest:

w(el?) —w(ed) =o. (40)
For the planes e;e;, e,e; calculations are performed
directly. Thus, for polarization effects in the plane e, e;

we obtain:
W(€1) w(es)

—Vmz 1 2(1+"1p)(D = DyLy) —
(1+r - (@ Ctvi)pres) it @)
( 721/131)) £17r:),/)4 _ |Bresl ul+u’l
2m? ( ) \I X
X (L% /1_%&“ cos P + %nLlDJr), (42)
W(eJ(rl3)) _ W(e£13)) =0, (43)
2U(kpy) 2l(kp
=20y, - 2, (44)
For polarization effects in the plane e,e; we obtain:
W(ea)-Wes) _ (2 ()2 Bres) ;2
2m? - (T (m) p )Ll +
+77%.U’1P(D+ D,Ly), (45)
w(en/n)-w(eSh) _
2m?2
— A ()2 |Bres| 1—p—Pres
= 5(;) o X
X (u; + u))L? sin. (46)

This expression is an odd function of the azimuthal
angle i and vanishes upon integration; however, since
these results will be used for second-order processes, in
which they enter quadratically, they need to be retained
w(el™) —w(el) =o. 47)

Expressions (34)—(47) are obtained for the process of
photon emission by an electron in an electromagnetic
wave with such a level of detail that they can be
rewritten for other first-order processes to obtain the
corresponding expressions for these processes through
simple substitutions.

a) Photon emission by an electron during

scattering in an electromagnetic wave field.

Using the conservation laws for the parameters that
determine the probability (27), we obtain:

A )]
p= u’ (kpg)’ (48)
= = (49)

D7 a7 14!
b) Annihilation of an electron-positron pair in a
monochromatic electromagnetic wave field.
The following substitutions need to be made: py — —p;.
The differential probability has the form:

dw(l) = —woW X

X §W(p; + p; — |k — ks )d®k;, (50)
where | < 1, the parameters that determine W (27) are
given by:

v ((kp)+(kpD)”
=2, y= HRr)) 51
P vy 4(kp;) (kD) ( )
wm — 21(kpy)
'Ul = l4 l, ul = le . (52)

¢) Formation of an electron-positron pair by a
photon in a monochromatic electromagnetic wave
field.

The following substitutions are required:
pi = —Ds kp = —k;.
The differential probability takes the form:
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dw}? = —woW X

x 8W(k; + Ik — pf — py)d®prdpy. (53)

where [ > 1, he parameters that determine W (27) are
given by:

A (kky)?

== =
,0 - Ul’ v 4(kpf)(kﬁf)’ (54)
v{evlz%, 1<V <v, (55)
w -~ @ = Zl(rgff) -
=2(14VT-v70), (56)
@ =200 _ vy 3y o), (57)

d) Absorption of a photon by an electron in a
monochromatic electromagnetic wave field.
The following substitutions are required: ks — —k;.

The differential probability takes the form:
O _

dwg; = —=wW X
X §W(p; + k; — |k — pf)d>py. (58)
CONCLUSIONS

To construct an analytical theory of second-order
processes in the fine-structure constant, the probabilities
of first-order processes in a linearly polarized
electromagnetic wave field were obtained for polarized
photon states that fall off the mass shell. In contrast to
the case of a real photon, the probability contains terms
related to the additional polarization of the virtual
(intermediate) photon along the vector e; (22). In
addition to the extra term for the unpolarized (summed
over polarizations) state, there are terms corresponding
to linear polarization at an angle +45° circular
polarizations in the planes e;es, e,e;. For the case of
linear polarization of the electromagnetic wave, effects
associated with circular polarization do not appear. The
probabilities describing effects related to polarization at
an angle +45° are an odd function of the azimuthal

angle ¥ (11).

At the boundary B,.s = 0, when the photon becomes
real, the expressions for the probabilities (17) and (24)
reduce to the well-known formula for the probability of
polarized photon emission by an electron in a linearly
polarized electromagnetic wave field [9].
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MOJISIPU30BAHI BIPTYAJIbHI ®OTOHHI CTAHU B TEOPII KEJI-ITPOIECIB
MEPIIOIO MOPSJIKY B JIIHIMHO-TIOJIIPU30BAHOMY XBUJILOBOMY I1OJII

O.1. Bopowuno, O.B. Makapenko, O.A. Jle6eow

Po3BHHYTO Teopilo mpolueciB 1-ro TMOpPSAKY 3a CTaIOK TOHKOI CTPYKTYPH 3 MOJSPU30BaHUM (OTOHHUM
BipTyaJIbHUM (IIPOMIXKHUM) CTAHOM Y TIOJI JIIHIITHO-TIOJIAPH30BaHOI €JIeKTPOMaruiTHOI XBuiTi. OTpHMaHi pe3yIbTaTH

€ CKJIQJIOBOIO Teopii MpoIeciB 2-ro MOPSIKY 32 CTAJOK TOHKOI CTPYKTYpH, MMOBIPHICTI SKHX MOXYTh

3amucaHi 4yepe3 HMOBIPHOCTI MpoLeciB 1-ro mopsaky.

Oyt
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