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We investigate the quantum dynamics of a particle in a one-dimensional parabolic potential subject to both time-
periodic driving and stochastic perturbations modeled as white noise. Using the non-stationary Schrodinger equation
and the Green’s function formalism, we derive analytical expressions for the time evolution of the wave function and
its statistical moments. It is shown that, due to the quadratic nature of the potential, the wave function retains a Gauss-
ian form, allowing a reduced description in terms of its first and second moments. Under resonant periodic driving,
the mean energy exhibits quadratic growth in time. In the presence of white noise, the wave packet undergoes diffusive
spreading and loss of coherence. For combined deterministic and stochastic driving, we identify a characteristic deco-
herence (delocalization) time, which scales inversely with the noise intensity. The results are relevant to quantum

transport, driven systems, and tunneling processes in fluctuating environments.

PACS: 29.17.+w

INTRODUCTION

Quantum dynamics in time-dependent potentials is a
fundamental problem with applications in condensed
matter physics, quantum transport, and non-equilibrium
systems. Of particular interest are systems where the con-
fining potential is subject to external driving and environ-
mental fluctuations.

Quadratic (harmonic) potentials occupy a special
place, as they admit exact analytical solutions and pre-
serve Gaussian wave packet structure during evolution.
Time-periodic modulation of such systems has been ex-
tensively studied and is known to lead to parametric res-
onance and energy growth. Separately, the influence of
stochastic perturbations (e.g., white noise) has been ana-
lyzed in the context of decoherence and diffusion.

However, realistic systems often involve both deter-
ministic driving and stochastic fluctuations. Examples in-
clude:

o lattice vibrations with thermal fluctuations;

e channeling of charged particles in crystals;

e driven tunneling processes in noisy environ-
ments.

In this work, we consider a quantum particle in a
time-dependent parabolic potential subject to:

1. periodic modulation, and
2. additive stochastic perturbations modeled as
white noise.

We derive analytical expressions for the wave func-
tion and its momentums and analyze the interplay be-
tween coherent driving and noise-induced decoherence.

Applications of these results are associated with the
excitation of localized anharmonic vibrations in a crystal
[1-3]. Their distinctive feature is the periodicity in time
and the large amplitude of atomic oscillations, which
may affect the rate of chemical (and possibly nuclear [3])
reactions near them. Due to the large amplitude of

ISSN 1562-6016. Problems of Atomic Science and Technology. 2026. Ne3(163)

oscillations, the position of the potential well in which
the particle is located can no longer be considered mo-
tionless. In [2, 3], the problem of particle motion in a
quadratic potential subject to time-periodic driving was
considered. Analytical expressions for the wave function
and its momentums of motion were obtained. However,
such consideration presupposes strict periodicity in time
of localized anharmonic vibrations. In reality, they are
subject to the action of fluctuations from neighboring at-
oms, which can be represented as “white” noise.

A similar situation is also realized when an electron
moves along the crystal axis [4—7]. In this case, the role
of time in the problem is played by the depth of particle
penetration, and the perturbation function describes the
forced oscillations of the crystal lattice.

The influence of white noise on quantum systems has
been the subject of numerous studies, see e.g. [8-12].

We consider the quantum-mechanical problem of
particle motion in a quadratic potential, which is subject
to time-periodic driving, as well as to stochastic pertur-
bation such as “white” noise.

STATIONARY POTENTIAL

Below we will consider the time evolution of a par-
ticle in a stationary quadratic potential.
The initial wave function is given by

1/4
W (X0,0) = [%} exp(—%xé), 6y

where m is the particle mass, w is the natural frequency,
h is the Plank constant.

In the absence of perturbation, the time evolution of
the probability density function p(Xx,t) = |t//(X,'[)|2 on
the interval 0 <t < 60 stationary (Fig. 1).
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X
Fig. 1. Probability distribution density p(x,t) in the
stationary case on the interval -14<x<14, @ =1

TIME PERIODIC DRIVING

We begin the analysis by considering the time evolu-
tion of a particle with the initial wave function in the po-
tential

V (X, 1) =%ma)2[x—u(t)]2, 2

where U (t)is some square-integrable function. This
type of potential is a generalization of parabolic potential

with U(t) =0 and V (x,t) = % maw®x*[6, 71.

In this case, for the wave function
Y =¥(X,t;%,,t,) . The Schrodinger equation has the

form [2]
h oY oy 1, )
- =— +=mo [Xx-U@®)]"¥. @3
i ot 2m ox> 2 [ ®]
Physical meaning of the wave function W is that it
describes the amplitude of the probability of transition

from a state to a moment t; =0, characterized by the

coordinate X, to the state at the momentt, characterized

by the coordinate X.
Based on the parabolic of potential (2), we will seek
a solution to equation (3) in the form

W(X,t; X, t,) =exp(C, () + C, ()X + C, (1)X?)
with functions C,(t), C,(t), C,(t), which can be

found from a system of three ordinary differential equa-
tions with initial conditions. As a result, we find that the
solution to the Schrédinger equation (3) is as follows [13]

meiwt 1/2
‘P(X,t;XO,tO) :(mJ X

me .M’ |
exp[—g(xz—xg)—l . .[[Uz(r)erx

2
h t

exp(i—jvz(f)dﬂxv(t)—
2my

Mo it 2
—m[x—e XO—R(t)] Ji (4)

where
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Y(r) =il

2T
2’ [u@)exp(-iwr +iwr)dz,
0

R(t) = %ﬂjv (r)exp(—iowr)dr.

Gaussian form of expression (4) for the function
Y(xt; xo,to) (Green's function) is a consequence of the

parabolic of the potential (2). The function
‘P(X,t;xo,to) (4) satisfies the same equation as the

wave function y(X,,0), but with an initial condition
Y (X,t;%,,0) =0(X—X,) -

Type of the wave function y (x,t) at the moment
t > t, can be determined by its given value y(X,,0) at

the moment t, =0:

w(x,t) = j w (X,,0) W(X,t;%,,0)dx, . (5)

After calculating the integral (5) with the kernel
Y(X,t; X,,0) (4) and the initial wave function /(X,,0)
(1) we obtain

me ' Mo’ . Mo 2
w(x1) =(”hj eXp(_IZhJ -y X X ()] J ©

t
X () = coJ'U(r)sin(wt ~w7)dr,
0
where J the phase shift of the resulting wave function

J- iu (r)dr +r;—z)+ 2xj;U (7) cos(e(t - 7))d 7 +

+ jdrj dzU (2)U (") sin(ew(z —t))cos(ew(z' —t)).(7)

If at t =0 the particle was in the ground state with
wave function (1), then at the moment of time t for prob-
ability density p(x,t) we will find

2_ @ 1/2 _@ B X .
p(x,t) = |y (x1) —( ,mj exp[ ; [x X(t)]j ®)

Thus, if a particle undergoes a time evolution in po-
tential (2) with U (z) = 0, then by the moment of time

t the probability distribution p(x,t) remains the same

as at the moment t; = 0. The behavior of the wave func-
tion changes significantly if U (z) = 0, which can be

seen from the characteristics of the wave function.

From (8) we obtain that the quantum-mechanical av-
erages are the first and second moments of the probability
distribution density p(x,t) are the following:

< x(t) >= wju (z)sin(wt — wr)dz > )
h
X2(t)) = —— + @?
< ()> 2me @

<ﬁu (1)U () sin(at — wz)sin(et — wr')drd r'> (10)
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and experience a swing. If the modulation function U (t)
contains a stochastic component, then < x(t) > and

< X?(t) > are also time-dependent random variables.
Next, we will consider the case of resonance,
when @ =1 and U(t) is given by
U (t) = gsin(at) , (12)
where g << 1 — modulation index. In this case we get

< X(t) >= 1 ga)t(cos(a)t)— M] , (12)
2 ot

o1 sin(et))’
2 t __ " .- 2 2t2 t _ o\t , 13
<X (t) > 2mw+4ga) (cos(a)) " ) (13)

< p(t) >= % go’tsin(at), (14)

< pi(t) >=Z—fn)+%[gma)zsin(a)t)]2. (15)

As a result, we obtain for the average energy

E:i< p? >+Ea)2 <x?>=
om 2 (16)
2
=224 822 0+ atsinot) +sin (o)

The coefficient of increase of the average energy of a
particle over time is

E . .
r= E =1+¢ 2(a)zt2 + ot sin(2at) +sin? (a)t)). (17)
0
Potential Vv (x,t) with a swing of type (11) on the in-

terval 0 <t <50 shown in Fig. 2.

10

Fig. 2. Potential U (x,t),g =0.1

Temporal evolution of the probability density func-
tion on the interval 0 <t < 60 shown in Fig. 3.

Fig. 4 shows the dependences of the Pr_L and Pr_R
shares of probability density p(x,t), located in the pos-

itive and negative parts of the axis 0x respectively. It is
evident that, in accordance with Fig. 3, the wave packet
as a whole oscillates around the axis 0x with assign am-
plitude, while as a result of resonant buildup the average
energy of the particle increases over time according to
(16) according to a parabolic law.
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Fig. 3. The probability density distribution
of a wave function p(x,t) on the interval

-14<x<14, g =0.1

W
Y

N
Fig. 4. Shares Pr_L and Pr_R of the probability
distribution density p(x,t) for on the interval

X >0 (red) and x <0 (blue); the number
of periods N is shown; g = 0.1

EVOLUTION OF THE WAVE FUNCTION
IN APARABOLIC POTENTIAL DISTURBED
BY WHITE NOISE

Next, we will consider the case when U (t)is sto-
chastic process of “white” noise n(t) with zero mathe-

matical expectation and variance o, :

U(t) = on(t). (18)

Fig. 5 shows an example of the evolution of the den-
sity profile p(x,t), obtained on the basis of the solution

of equation (3). If the modulation function U (t) con-
tains a stochastic component, then < X(t)>,, and
< x?(t) >, are also time-dependent random variables.

Here and below, in angle brackets <...>,, the operation

of finding the mathematical expectation relative to the re-
alizations of the stochastic process of “white” noise is
designated U (t) .
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Fig. 5. Example of the probability distribution density
p(x,t) disturbed by stochastic process of “white”

noise; g =0, o, =1; the number of periods N
is shown along the coordinate axis

Over timetdensity p(x,t) undergoes transfor-
mations that reflect the influence of the function U (t)

(18). In Fig. 6 these oscillations are shown in red for the
positive part (X > Q) density and blue color — for the neg-
ative part (x <0).

Iy

0 5 10

N
Fig. 6. Evolution of parts Pr_L and Pr_R of the proba-
bility distribution density p(x,t) on the interval

x>0 (red), x<0 (blue); g =0, o, =1

Quantum-mechanical averages — the first and second
moments of the probability distribution density are:

(x()),, = <a)ju (7)sin(wt - a)r)dr> ~0. (19)

For the second moment we write

fi
X2(t)) =——+w?x (20)
tt
< j j U (r)U (r’)sin(a)t—a)r)sin(a)t—a)r’)drdr’>.
00
Due to the properties of “white” noise
<U (x)U (r')> = 05,6(7 — '), that's why one has
h t
2 _ 2 2 s 2 _
<X (t)>W = omm +w O'U£ sin®(ot—wr)dr . (21)
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For sufficiently long times, t>> ™, we have for the
dispersion
1
2 _ L 2 2
<X (t)>W = 20) oyt-
Consider evolution of the wave function under the
combined influence of both dipole pumping and white
noise.

EVOLUTION OF THE WAVE FUNCTION
IN A PARABOLIC POTENTIAL UNDER
TIME PERIODIC DRIVING DISTURBED
BY WHITE NOISE

In this case U (t) is given by a sum of time periodic
driving and stochastic part n(t) with zero mathematical

(22)

expectation and variance o-\fv :
U (t) = gsin(at) + o,Nn(t) . (23)
According to (6) the wave function as a function of
the coordinate X retains its Gaussian form under arbitrary
perturbation. Therefore, for its description it is sufficient
to give expressions for its first two moments. Further, we
assume that for the times under consideration the contri-
bution of the ground state can be neglected.

Because < X(t) >, =0, for the first moment ., ac-
cording to (12) and (17) we have

= 1 got (cos(a)t)— Mj
2 wt

Dispersion ,, of the wave function will be equal to
the sum of the dispersions caused by the disturbances,

namely
= () + ('), =

. 2
_1y 2a)ztz(cos(aot)— _sm(a)t)j +
4 ot

(24)

(25)

t
+ a)za\f\,j sin’®(wt — wr)dr.
0

Next, the first term in (25) grows over time as t?,
while the integral in the second term can be replaced by
t/2. Atlarge t the second term in (24) can be neglected.
The first term can be replaced by '2 due to the rapidly
oscillating dependence. Therefore, one has

L, = % g’’’ + %wzoﬁvt : (26)

Then the distribution density is p(x) can be written

2
PO = —= exp[— (x=a) ] e
27, 21,

Figs. 7-9 show the evolution of wave function ex-
cited by dipole swing and disturbed stochastic process of
“white” noise.

In Fig. 7 you can see the oscillations of the function

as a whole at o, = 0.8, which corresponds to expres-

as

sions (24) and (27), however, starting from N=5, they
gradually leave the stationary mode. For large N on the

ISSN 1562-6016. Problems of Atomic Science and Technology. 2026. N23(163)



periphery |x| ~10one can see fluctuation bursts of the

wave function.
Fig. 8 illustrates the process of transition of the

wave function from an increase in its size ., to decrease
at N=4, which occurs with increasing noise intensity

Fig. 9 shows that on average the function is concen-
trated in the region Xsr=(x(t)) = 0, which occurs start-

ing from N=3. The moment N=3 of transition from a reg-
ular state to an incoherent one can be called the collapse

time N =3.

collapse

ow=1.0.

l!;'ni .
e
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N .'.;‘i'.ip“'ii 2t
) i
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,5...55._”,1 !.

10 0 Ii iD N
Fig. 7. Left — example of the probability density distribution p(x,t) under time periodic driving disturbed
by stochastic process of “white” noise; = 0.1, o, =1; the number of periods N is shown along the coordinate
axis. Right — evolution of parts Pr_L and Pr_R of the probability distribution density p(x,t)

on the interval X >0 (red), x<0 (blue); g =0.1

10

=
[

N
Fig. 8. Left — example of the probability density distribution p(x,t) under time periodic driving disturbed by sto-
chastic process of “white” noise; g= 0.1, o,, =1; the number of periods N is shown along the coordinate axis.
Right — evolution of parts Pr_L and Pr_R of the probability distribution density p(x,t) on the interval X >0 (red),
X<0 (blue); g =0.1, oy =0.8.

H

0 5 10 N
Fig. 9. Left — example of the probability density distribution p(x,t) under time periodic driving disturbed by sto-
chastic process of "white" noise; g= 0.1 gy, = 1.2; the number of periods N is shown along the coordinate
axis. Right — evolution of parts Pr_L and Pr_R of the probability distribution density p(x,t) on the interval

x>0 (red), x<0 (blue); g =0.1, oy = 1.2
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0 3 10

N
Fig. 10. Time dependences of the beam center Xsr
and the root-mean-square beam size X ;
g=01, o0, =12

From Fig. 10 it can be seen that when o, =1.1 the

oscillations of the beam as a whole become less and less
coherent and regular. In this case, the shares of Pr_L (for
X >0) and Pr_R (for x < 0) probability distribution den-
sity p(x,t) become more and more equalized over time.

This indicates a complete breakdown of the oscillations
in the function. The root mean square size of the beam
oX while continuing to increase. The observed process
can be called the collapse of the wave function.

PHYSICAL INTERPRETATION
To build a hypothesis about the relationship between o,
and Tcollapse
oy = 0.50 (Fig. 11).

the calculation was carried out at intensity

Fig. 11. Probability density evolution p(x,t) under
time periodic driving disturbed by stochastic process of
“white ” noise; g= 0.1, oy, = 1.2; the number of peri-
ods N is shown along the coordinate axis

From Fig. 12 the duration of the transition from a
regular state to an incoherent one is approximately
N oiiapse = 8. Comparison of the data in Figs. 9 and 12

allows us to call it the time to collapse N ;.. Which is

inversely proportional to the noise intensity o, :
Neollapse = Cl + CZUVT,l, (28)

where C,; and C, are the coefficients.
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0 10 2 N
Fig. 12. Evolution of parts Pr_L and Pr_R of the prob-
ability distribution density p(x,t) on the interval

X2>0 (red), x<0 (blue); g =0.1, &,, = 0.50

SUMMARY

We considered dynamics of the wave function in a
parabolic potential, which is subject to time-periodic
driving, as well as to the stochastic effect of the "white"
noise. Based on the solution of the non-stationary Schro-
dinger equation, algorithms for calculating the dynamics
of the wave function were constructed. Asymptotic solu-
tions of the equation of motion were given. The main
characteristics of the wave function were obtained for the
selected types of perturbation of the potential. Cases of
destruction (collapse) of the wave function due to the
noise were considered. It was shown that the time before
the collapse was inversely proportional to the noise in-
tensity.
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BILIMB BLJIOT'O IIIYMY HA KBAHTOBY JIMHAMIKY XBUJIbOBOI ®YHKIIII
Y HEPIOAUYHOMY 3A YACOM I'APMOHIYHOMY INIOTEHIIAJIL

0.C. Masmaniwsini, B.I. Jlyéinko, Klee Irwin

Mu nmociKyBanyu KBaHTOBY JUHAMIKY YaCTWHKH B OJTHOBHMIPHOMY IapaboliYHOMY MOTEHITiai, 0 MiAJa€ThCa
K TIepioguaHOMY 30y KEHHIO 3 9aCOM, TaK 1 CTOXaCTHYHIM 30ypeHHIM, 3MOJICIIEOBAHAM SIK O1nuiil mryMm. Bukopwuc-
TOBYIOUM HecTauioHapHe piBHsHHs [lpeninrepa Ta popmanizm ¢yHkuii ['pina, MU BUBOJMMO aHANITHYHI BUPaA3U AJIs
4acoBoi eBoJIrOLIT XBMILOBOT (yHKLIT Ta Ti craTucTHYHMX MOMeHTIB. [lokazaHo, 110 3aBISKY KBapaTU4HIN IPUPOII
MOTEHINay XBIIbOBa (YHKIIisI 30epirae rayccoBy Gopmy, 10 J03BOJILE CKOPOUCHHUI OMHUC Yepes il mepIunii Ta apy-
ruii MoMeHTH. [Ipu pe3oHaHCHOMY NepioqUYHOMY 30YPKEHHI Cepe/iHs EHeprisi JEeMOHCTPYE KBaJpaTU4HE 3pOCTaHHS
B yaci. 3a HassBHOCTI OLJIOTO LIyMy XBHJIbOBHH IaKeT 3a3Ha€ NUQyY3iHHOT0O po3TiKaHHs Ta BTpaTH KOorepeHTHocTi. J{is
KOMOIHOBAaHOT'O JICTEPMIHICTUYHOTO Ta CTOXAaCTUYHOTO 30y DKEHHS MU BU3HAYa€MO XapaKTEPHHUH 4ac JeKOrepeHIii
(menokamizamii), KUl MacIITadyeThcss 0OCPHEHO MPOMOPIIHHO 10 IHTEHCHBHOCTI MIyMy. Pe3yibTat CTOCYIOTBCS

KBaHTOBOT'O TPAHCIIOPTY, 30y IXKCHUX CUCTEM Ta TYHEIBHUX MPOIIECIB Y PIYKTYIOUHX CEPEIOBHIIAX.
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