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It is shown that the probabilities of second-order QED processes can be expressed through first-order process
probabilities, the theory of which is extended to the case of virtual intermediate states. The derivations are carried out
using the process of electron scattering by a muon as an example. The contribution of the polarized intermediate states
to the probability of the process is investigated. It is shown that the polarized intermediate states make a fundamental

contribution to the probability of the process.
PACS: 12.20.-m

INTRODUCTION

The standard theory of QED processes [1] is
formulated in such a way that the probability of a process
of higher order in the fine-structure constant cannot be
expressed in terms of the probabilities of the
subprocesses from the sequence of which the process
under study might be assembled. Should such a problem
nevertheless be posed, it would be reasonable to expect
that the probabilities of second-order processes can be
written through the probabilities of first-order
subprocesses in which one of the lines corresponds to a
virtual state. As is well known, in the absence of an
external field, first-order processes are forbidden by the
4-momentum conservation laws. However, if one of the
particles is virtual (the particle lies off the mass shell),
this prohibition is removed. We also note that, for a
photonic intermediate state, besides the condition k? # 0
it should be kept in mind that the polarization 4-vector e
has three components [1] and that, in addition to the
condition e?=—1, it satisfies the condition of
transversality of the polarization with respect to the
photon current: (xe)=0.

Our choice of the process of electron scattering by a
muon for the present analysis is motivated by the fact that
it is described by a single Feynman diagram, so that the
difficulties caused by the interference of amplitudes can
be avoided. The process under study may be represented
as a sequence of two subprocesses:

(a) emission of a virtual photon by the initial electron;

(b) absorption of the virtual photon by the initial
muon.

The chronologically reversed sequence of the
subprocesses is also possible and corresponds to the
substitution ¥k - —k. However this does not affect the
final results. Since the 4-momentum of the intermediate
state enters the formulas quadratically as 2.

In order to compare the results obtained below, we
write out here the expressions that describe the
probability of the process of electron scattering by a
muon (Fig. 1).

In particular, the 4-momentum conservation laws at
the vertices have the form

pi=prtK
{ni +x =11, (4)
where pi¢ = (Eippif), ITis = (5,5 10;5) are the 4-momenta
of the initial and the final electron and muon; k is the 4-
momentum corresponding to the intermediate state
(% # 0):
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Fig. 1. Feynman diagram of the process of electron
scattering by a muon

The amplitude of the scattering of an electron by a
muon accompanied by the exchange of a virtual photon
is determined by the expression

ime? 1

— 1 v
Spi = V2 [EfEE,E; K2 (BHA ) %
x (2m)*6W (pi+p, — II; - IIy), 3)

where V — the normalization volume; A, and B, are the
electron and the muon currents:
Au=p Vulpp Bu=up ¥y, )
Here u,, and uy; are the bispinors of the free electron and
muon [1].
The argument of the §-function in (3) determines the
4-momentum conservation law:

The differential probability per unit time is
et 1
dw= WEE 2 Hdr, (6)
where H is the relative probability of the process:
H=|(BA)|. (7
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A direct calculation carried out in the standard way
(see [1]), with averaging over the polarizations of the
initial electron and muon and summation over the
polarizations of the final electron and muon, yields

H'=2(2(s —m? —m})* +2ts +1%), (8
where m, m,, are the electron and muon masses; s, t, v
are the Mandelstam variables of the process under study
(L 2 2
s=(pi+M)%4 t=(p; —p;) =k%v=(p—1I;)". (9)

In expression (8) the variable v has been eliminated

by means of the relation
s+t+v=2m?+2m}. (10)
There are also constraints on the admissible values of the
parameters s and t:
S 2 Spmins Smin = (m + m#)z, toin <t <0, (11)
s—(m +m)2 s—(m —m)2
tmin = — ( £ )S( £ ) . (12)

The invariant differential dI" is determined by the
element of the phase space into which the emission
proceeds:

2mdt

- )
\/(s—(mﬂ+m)2)(s—(m#—m)2)
where in the last expression the presence of the four-
dimensional §-function has made it possible to integrate
over the momentum of the final muon and over the
energy of the final electron, while the azimuthal
symmetry in the centre-of-mass frame has made it
possible to integrate over the azimuthal angle of the final
electron.
Dividing (6) by the flux density of the incident
particles

J =g 1= @I = mim =
:i\/(s—(m+mu)2) (s—(m—mﬂ)z) (14)

and taking (13) into account, we arrive at the well-known
expression for the differential cross-section of the

process of electron scattering by a muon:
do 2me 4

- = 2 = H.
at tz(s—(mu+m) )(s—(m#—m) )

1. PROBABILITY OF THE EMISSION OF A
VIRTUAL PHOTON BY AN ELECTRON

Here we develop the theory of the process of emission
of a virtual photon by means of the standard methods of
QED, allowing for the fact that k* # 0 and that the
virtual photon possesses three polarizations.

The amplitude of the emission of a virtual photon by
an electron is

d3pfd317f
EfZg

(13)

(15)

4T
W (EfA) X
x (2m)*6W (p; — py — k), (16)
where w, is the bispinor of the free electron; p;; =
(Eif,pis) are the 4-momenta of the initial (i) and the
final (f) electrons; A, is the electron current (4).
The squared amplitude:

2 2 41T VT
|Sfl | =e w
2K0V2EFV2E;V  (2m)*

Sfi = —ie

2m)8 x

x @ (p; —pr —x), 17
where w is the relative probability of the process:
w=|(ed)|? = Z%Sp{[pf +mlelp; + mle} =
KZ
=2 (21@ie)? + (ee”) ). (18)

In order to describe the polarization properties of the
intermediate photon, we introduce a basis in the four-
dimensional space:

(eoex,y) 4
(ne o) = eg (19

where ey, ey, ey, e, are the ordinary basis of Minkowski
space; n, =« /+/|k2|, n = e g+e 5, n? = 0; the 4-vector
ey is related to the remaining 4-vectors of the basis by
the relation

EO = nk, 61’226 xy

uo_ vpT
€3 = e "PTeg €106, (20)

where e*¥P? is the four-dimensional Levi-Civita symbol.
The vectors €, €4, €,, €5 Satisfy the standard conditions
imposed on the unit vectors of a basis in the four-
dimensional space:

€2 = —e2=)\ A== 1; e2=€% = —1. (21)

Note that the choice of the polarization vectors in the
form (19) is not unique. We could, for instance, construct
the basis from the independent 4-vectors of the problem,
for example from the 4-momenta of the initial electron
and muon, p; and II;, and from the 4-momentum « of the
intermediate photon. Three orthonormal basis vectors
can be built from them, the fourth one being obtained by
means of formula (20). The choice of the basis in the
form (19) is dictated by the interest of the authors in
constructing an analogous theory for second-order
processes in the field of a wave [2]. For that problem the
choice of the basis (19) is the most natural one, since a
direction corresponding to the wave vector of the field is
singled out in the four-dimensional space. The absence
of such a preferred direction in the process considered
here manifests itself in the absence, from expression (8)
for the relative probability, of any variables associated
with that direction.

Let us write the product (e;A) in the new basis:

(erA) = —(erer)(Aer) —

—(e€;)(A€;) — A(e€3)(Aey), (22)
where the orthogonality of the photon and the electron
currents has been taken into account: (eyA) =
(xA)//|x?| = 0.

The squared modulus of expression (22) may be
represented in the form

w = |(€fA)|2 — w1+w;+/IW3
2 3 1
i=1 j=it+1
Gl cin (o@D o 2D (i) oG
+=1 & (W T —W 7T)+€3 (W_J - w; ) )
2 T T3

(23)
where 1, = A,=1; 4; = 2= — 1;and £, & &{ are
the generalization of the Stokes parameters to the case of
three polarizations [2]:

ii 2 2
= |(ered)|” = 4l(ere2)”
2 =29 ((efei)(efej))'

(24)
(25)
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The first term in (23) corresponds to an unpolarized
intermediate state:

wunlres =w; +w, +Awg =
= =23 Sp{[ps+m]y,[pi+mly*}. (27)
The calculations give
KZ 2
Wunres = 4 (_ ? —-m ) . (28)

Within the range of variation of the parameter t
specified by (11) this expression may take negative
values. Hence, having extended the theory of the
processes to virtual states, we are faced with the fact that
the probabilities corresponding to the polarization effects
may become negative. It is therefore more appropriate to
call them quasi-probabilities, and we note that in
quantum mechanics this is by no means an unusual
situation (see, for example, Ref. [3]).

In expression (23) the terms proportional to w; — w,,
w; — W3, W, — w5 correspond to the polarization effects
associated with the linear polarizations along the
polarization vectors e;, e,, es. The probabilities
corresponding to these polarizations, evaluated from
formulas (18) have the form

i=2(2(me)" - ) i=123.  (29)
Let us mtroduce the 4- vector
— _Pr _ _pi
g (mpf) (mpy (30)
_gzotem? oo w o (y u
g - (nK)Z umax Umax (1 umax)’ (31)
where u and u,,,, are invariant parameters:

_ (ue? —__t

"~ 4(np(npys)’ 0= US Unao Umax = 2m2'(32)

We take into account that(ge ;) = —|g|sinfcosy =
= —,/—g?cosy, (ge,) = —/—g?siny, where 6 and ¢
are the polar and the azimuthal angles of the vector g in
the spherical frame of reference whose axis is directed
along e5. On the other hand

() = ) s
Then find
(pie) = —m ’% —1:cosy, (34)
(pi€;) = —m /% —1-siny. (35)
Also
(pies) = %7 /( £, (36)

Note that a single value of the variable u corresponds to
two values of (p;€e3).

Making use of the expressions obtained for the terms
that describe the linear polarization effects, we find

Wy — W, = 4((1’161)2 - (Piez)z) =

= 4m? (u"‘a" - 1) cos2y, (37)
wy — Aw; = 4((p;€1)* — /1(29163) ) =
= 4m? ((% - ) cosyp +—2 umax), (38)
—Awz = 4((1’162) /1(77163) )=
= 4m? ((% - 1) siny + ?umax>. (39)

For the relative probabilities corresponding to the
polarization vectors at the angles +m/4 in the planes

€1€2, €1€3, €2€3. W
§ o _
€in/a = 5 (Ei t ’11'61')' (40)

we obtain
w2, = ()] = 2 (0 £ ie) - 5). (41
=20 -
= 2(((pi€j) + (e)) —;611), j=12. (42)

For the effects associated with the polarization at the
angles +m/4 in the planes e, e,, e, e5, e,e; We obtain

wi —wlD, = 8(pie)) (pier) =
— 2 M _ .
=4m ( " 1) sin 2¢, (43)
13 13
wil? —wi = 8(pie,) (pies) =

= 42 o J(1+u) (1-25)cosp,  (49)
wiry —wi), = 8(pier) (pies) =

= —4m? %\/(Hu) (1 - ﬁ) siny.  (45)

In a similar way, the relative probabilities
corresponding to the circular polarization vectors in the
planes €;€,, €,€3, 6263,

ei”) = L (¢, + Aie 5)

(46)
have the form

wi? = |(efz)A)|2 =2 <((pi61)2 + (Pie2)®) — K?Z> (47)
= [ -

=2 (((Pifj)z + (pi€3)2) - %251,1>, j=12. (48)

It follows from this that none of the effects associated
with the circular polarization shows up:

w —wl =0,i=12j=i+1,..3 (49

2. PROBABILITIES OF THE ABSORPTION
OF THE INTERMEDIATE PHOTON
BY A MUON

For the second subprocess (the absorption of the
intermediate photon by the muon) analogous expressions
may be obtained by the simple substitution p; — I1;,
ps — Il (and also k - —k). By analogy with (32), we
introduce the corresponding invariant parameters of the
second subprocess, the absorption of the intermediate
photon by the muon:

= U< U Uy = — == (50)
@iy (niip)’ = 0 = T max Pmax (2m2)

The projections of the muon 4-momentum onto the

unit vectors of the basis (20) have the form

(nieo):}\m uv _AUmaxt (51)
(IT;e;) = —my, /% — lcosyp,, (52)
(ITie;) = —my, /Um’”‘ 1siny,, (53)

(I;e3) = im,u\/(_/l)Umax (1 + %)! (54)

where v, is the azimuthal angle of the vector g(2) =
0, /(klly) — 1,/ (kIT).
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Let us write out the formulas for the polarization
effects associated with the photonic intermediate state
that refer to the second subprocess. In particular, for an
unpolarized intermediate state,

N 2
Wunpol(z) =4 (T - mu)' (55)
where 2 = (1T, IT;) indicates that the quantity in question
belongs to the second subprocess. In what follows, the
fact that a quantity belongs to the first subprocess will be
indicated in the same manner: 1 = (py, p;).
The relative probabilities that describe the effects

associated with the linear polarization of the intermediate
state are

w;(2) —w,(2) = 4‘((”i€1)2 - (Hiez)z) =

= 4m}, Umax 1) cos21,, (56)
wy(2) — Aw3(2) = 4((I;e1)* — A(llze3)?) =

= 4m? (("% — 1) cosyp; + %Umx), (57)
W, (2) — Aw;(2) = 4((I;e;)* — A(I1;e3)*) =

= 4m? ((”% ~1) siny, + %umax). (58)

The relative probabilities that describe the effects
associated with the polarization of the intermediate state
at the angles +m/4 are

wi2 @) - w2, (2) = 4(lie,) (TTiey) =

= 2m? (”% - 1) sin2y,, (59)
w(P(2) - w) (2) = 4(Te,) (Te5) =

= —4mﬁ\/(1+U) (% - 1) cosy,, (60)
wi2?(2) - w®),(2) = 4(IT,e,) (e3) =

= —4mﬁ\[(1+U) (% — 1) siny,, (61)

wi —wW =0 =12 j=i+1.,3. (62

3. CONTRIBUTION OF THE
POLARIZATION STATES TO THE
PROBABILITY OF ELECTRON
SCATTERING BY A MUON

In order to express the probability of the process of
electron scattering by a muon through the probabilities of
the subprocesses, we rewrite the relative probability H
(7) in the basis (19) and take into account the
orthogonality of the electron and the muon currents to the
photon current ((4o=B, = 0):

H=|B1|2|A1|2 + |Bz|2|A2|2 + |B3|2|A2|2 +
+2R(B,B1 4,4, +
+A(B3B;A3A,+B3B,A34,)). (63)

By means of algebraic transformations this

expression can also be reduced to the form
H = 2 (B2 + |B2|? + A|Bs]?) x
X (IAlI2 + 1422 4+A1451%) +

W3 (- ) (0 - I )
i=1 j=i+1

+2(((Bi) + (B,8)) ((44)) + (4,4)) +
+((8:8) - (5:8)) ((4:4) - (44))))- 69

Proceeding from this expression, we are able to
express H in terms of the relative probabilities that
describe the polarization properties of the intermediate
states of the subprocesses:

1
H= _Wunpolar(z)wunpolar(l) +

+Z Z( w;(2) — Ajwj(Z))(wi(l)—ﬂfo(l))

i=1j=i+1

+2( (Wi’ @ -wP @ || w0 - wP
2 3 3 3 K

+ (W@ - wi @) (W) - wS"f)(l)))).(65)

where the relative probabilities describing the
polarization effects that refer to the first subprocess are
determined by formulas (28), (37)—(39), (43)-(45), and
(48), while the relative probabilities describing the
polarization effects that refer to the second subprocess
are determined by formulas (56)—(62).

Thus, the relative probability of the second-order
process of the scattering of an electron by a muon and,
together with it, the differential probability of the
process, has been written through the relative
probabilities of the first-order subprocesses that allow for
the polarization effects corresponding to the photonic
intermediate state.

The first term in (65) corresponds to the contribution
of the unpolarized intermediate state:

1
Hunpolar = gwunpolar(z)wunpolar(l) =
16 (-t -t
=2 G -m) (F-m). (66)
The relative probability corresponding to the effects

associated with the linear polarization of the intermediate
state is

1 2 3
Hiinear = §Z Z (WL(Z) - A]W](Z)) X
i=1j=i+1
x (wi(l) - A,w,-(n) . (67)
The relative probability corresponding to the effects
associated with the polarization of the intermediate state

at the angle +m/4 is
A <wg”(2) ~w (2)) x
4 4

2 3
1
=5 ).
x <wg'f)(1) = w%)(l)).
4 4

i=1 j=i+1
The effects associated with the circular polarization
of the intermediate state do not show up:

2 3
Hepre = %Z Z 2 (W (2) - wsif>(2)) X
i=1 j=i+1
X (wff)(n - wsiﬂ(l)) =0. (69)
Attention should also be paid to the contribution of
the third polarization. Isolating in formula (65) the terms
associated with it, we obtain

Hy=W5(2)W;(1) +5 Z( (2) - W“”(Z))

x <WE(L‘3)(1) - W_(z_;3>(1)>,
4 4

(68)

(70)
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where the terms associated with the circular polarization
have been dropped because their contribution vanishes
(see Eq. (69)).

On the other way, if the expressions describing the
polarization effects associated with the intermediate
states of the subprocesses are substituted into the relative
probability (65), it can be shown that the latter coincides
with the relative probability of electron scattering by a
muon (8). In particular, the dependence on the variables
u, Py, U, P, thereby disappears, which is only natural,
since the process under study has no preferred direction,
and the variables associated with such a direction drop
out of the total probability.

Let us note that the parameter s is related to the other
parameters describing the subprocesses by the relation

s =m?+mj + 2 (—%— (pie))UTe)) —
~(piez) (I;ez) — A(pses) (TTies)), (71)
where (p;e;), (Mie;), j =123, are determined by
expressions (34)—(36) and (52)-(54), so that s =
S(t' u, 1!’1' U' lpZ)

1
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Fig. 2. Relative contribution of the polarized
intermediate states to the probability of the process of
electron scattering by a muon

We note that in the region of admissible values of t
the contribution of the unpolarized intermediate state is

negative, whence it may be stated that the process is
realized solely owing to the contribution of the linearly
polarized state and of the polarization at the angle +m/4,
the contribution of the circular polarization being zero.
This can likewise be verified by direct calculation. The
contribution of the polarized states to the relative
probability of the process is shown in Fig. 2. The
calculations are presented for the values t = =5, u =
Umax/2, U =Upax/2, Y1 =9, =n/4. A similar
picture is observed for other values of the parameters.

Fig. 2 also presents the relative contribution of the
third polarization (70). This contribution is substantial
and, as may be seen, even exceeds the total contribution
of the polarizations along € ,.

CONCLUSIONS

The results of the study allow the following
conclusions to be drawn.

1. The probability of the process of electron scattering
by a muon can be written through the probabilities of
first-order subprocesses that allow for the polarization
properties of the intermediate state.

2. The contribution of the polarized intermediate state
to the total probability is fundamental, since the
unpolarized photonic intermediate state makes a negative
contribution to the probability.

3. The contribution of the third (additional)
polarization is substantial and may exceed the total
contribution of the other polarizations.

REFERENCES

1. L.P. Pitaevskii, V.B. Berestetskii, E.M. Lifshitz.
Relativistic Quantum Theory. Pergamon, Oxford, 1971.

2. O.l. Voroshylo, O.V. Makarenko, O.A. Lebed.
Polarized virtual photon states in the theory of first order
QED processes in a linearly polarized wave field //
Problems of Atomic Science and Technology. 2025,
N 6 (160), p. 3-6; doi.org/10.46813/2025-160-003

3. Stefano Gherardini, Gabriele De Chiara. Quasi-
probabilities in quantum thermodynamics and many-
body systems // PRX Quantum. 2024, v. 5, p. 030201;
doi.org/10.48550/arXiv.2403.17138

Article received 16.09.2026

AHAJII3 QED-ITPOLECIB HA ITPUKJIAAI ITPOLECY PO3CIIOBAHHS EJIEKTPOHA
HA MIOOHI

O.1. Bopouwuno, O.B. Makapenko, O.A. JIebeow

Ha npuxiazni mpouecy poscitoBaHHsS €JeKTpOHa Ha MIOOHI HOKasaHo, mo iMoipHocti QED-mponeci 2-ro
MOPSJKY MOXXHa BHUPA3WUTH 4Yepe3 HMOBIpPHOCTI MpoleciB 1-ro mopsiiky, Teopis SKMX pPO3IIMpPEHa Ha BHIIAJOK
BipTyaJbHUX NPOMDKHHUX CTaHIB. JlocimipkeHHH BKIIaJ TOJIIPU30BAaHUX NMPOMDKHUX CTaHIB y MIMOBIPHICTb IIpOIECy.
[TokazaHo, 110 MOJISIPU30BaHI MPOMIXKHI CTAaHH BHOCSTBH (DYHJIaMEHTAIbHUI BKJIa] Y IMOBIPHICTD IIPOIIECY.
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