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As is known, eigenvalues of helicity, defined as proportionality coefficient between Pauli-Lubanski pseudovec-

tor and momentum, are used to label massless unitary representations of the Poincare group. However, there is a 

problem to get manifestly Lorentz-invariant expression for it in any other way but in the twistor approach. In this 

work it is shown that application of orthonormal tetrad in Minkowski space-time allows obtaining such an expres-

sion in terms of the Pauli-Lubanski pseudovector. Use of orthonormal tetrad also allows expressing in the Lorentz-

invariant way spin three-vector of massive particle via the Pauli-Lubanski pseudovector. 
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INTRODUCTION 

Positive-energy unitary irreducible representations 

of restricted Poincare group ISO0(1,3), which is the 

semi-direct product of the proper orthochronous Lorentz 

group SO0(1,3) and Abelian group of space-time transla-

tions, constitute group-theoretic basis of relativistic 

quantum mechanics and field theory in four-

dimensional Minkowski space-time. Systematic study of 

such representations was initiated by E. Vigner [1] (for 

modern textbook treatment see, e.g. [2, 3]). Important 

role in their characterization is played by two Casimir 

operators of the iso(1,3) Poincare algebra  
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where ηmn=(-1,+1,+1,+1) is Minkowski metric. These 

are quadratic Casimir operator P2 and quartic one W2, 

where 
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is the Pauli-Lubanski pseudovector [4, 5]. From the def-

inition (1) there follows its orthogonality to Pm and 

commutation relations  
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It is known explicit expression for W2 in terms of gener-

ators of the iso(1,3) algebra    
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that generalizes so(1,3) Casimir operators MmnMmn and 

εklmnMklMmn. 

In general, the number of independent Casimir oper-

ators of iso(1,D-1) algebra equals integer part of 

(D+1)/2 [6] and P2 together with W2 in the form (3) re-

main Casimir operators for arbitrary D>4. However, 

only for D=4 W2 can be written as the Pauli-Lubanski 

pseudovector squared. Let us note that recently there 

revived an interest to study higher-dimensional general-

izations of the Pauli-Lubanski pseudovector and higher-

order Casimirs of Poincare algebras for D>4 (see, e.g. 

[7–9]). At the same time, for instance, for iso(1,4) alge-

bra tensor generalization of the Pauli-Lubanski pseudo-

vector and Casimir operators are known for a long time 

[10–12].  

For physically important class of massless represen-

tations of ISO0(1,3) with zero eigenvalues of both Cas-

imirs, their characterization is achieved with the aid of 

(half-)integer eigenvalues of helicity Λ. It is defined as 

the proportionality coefficient between the Pauli-

Lubanski pseudovector and momentum 

 mm ΛpW = . (4) 

Helicity is the Poincare-invariant quantity but it is hard-

ly possible to construct manifestly invariant expression 

for it just from generators of the Poincare algebra. Such 

an expression can be obtained in point-particle mechan-

ics, e.g. in the spinning particle model with local world-

line supersymmetry [13]. It is based on explicit realiza-

tion of the spin degrees of freedom that allows express-

ing so(1,3) generators in terms of them. At the same 

time, manifestly conformally invariant expression for 

helicity naturally arises in twistor theory [14, 15]. Fun-

damental role in this theory is played by complex 

twistor space and space-time is an emergent object. The 

aim of this note is to show that introducing components 

of orthonormal tetrad [16, 17] allows to derive manifest-

ly Lorentz-invariant expression for helicity also in the 

space-time approach, irrespective of the way used to 

describe spin degrees of freedom.   

For massive representations that constitute another 

important class of unitary representations of Poincare 

group, introduction of the tetrad allows to get manifestly 

Lorentz-invariant general expression for spin three-

vector. Its components satisfy so(3) algebra relations 

independently of the choice of spin variables.  

In the next section it is briefly recapitulated the tra-

ditional approach to massive and massless representa-

tions of the Poincare group. Section 3 is devoted to 

overview of conformally invariant description of helici-

ty in twistor theory. Then in Section 4 definition of the 

orthonormal tetrad and its realization in terms of spinor 

dyad is recalled as well as their group-theoretic interpre-

tation as Lorentz harmonics. This Section is culminated 

by derivation of manifestly Lorentz-invariant expression 

for helicity and spin three-vector. Brief summary of 

obtained results is contained in concluding Section.  
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1. MASSIVE AND MASSLESS 

REPRESENTATIONS  

OF THE POINCARE GROUP 

According to Wigner classification of unitary irre-

ducible representations of the Poincare group, there ex-

ist five distinct classes of representations. Of the prima-

ry importance for physical applications are two of them. 

It is possible to label them by eigenvalues of the maxi-

mal set of mutually commuting generators and Casimir 

operators. Concentrating on realization of such repre-

sentations in the infinite-dimensional Hilbert space of 

single-particle states, momentum components and Cas-

imirs can be chosen to span such a set. For both classes 

of representations it is assumed to hold the energy posi-

tivity condition p0>0. This condition can be cast in the 

form of additional topological label sign(p0)=+1 that 

selects either upper sheet of the hyperbolic surface 

p2+m2=0 in momentum space or the future-pointing half 

of the light cone p2=0 for m=0. 

The first class includes representations that corre-

spond to massive particles with spin s and p2+m2=0, for 

which W2=m2s(s+1). Derivation of eigenvalue of the 

Pauli-Lubanski pseudovector squared is commonly per-

formed in the particle’s rest frame, in which its momen-

tum takes value )0,0,0,(0 mpm =  in natural units c=ℏ=1. 

In this frame commutation relations (2) of the compo-

nents of Pauli-Lubanski pseudovector W0=0, Wi=mSi, 

jkijki MS 
2

1
=  reduce to those of so(3)=su(2) algebra  

   kijkji SiSS =,   

that supports identification of the 3-vector Si as spin 

operator of the massive particle. On the other hand, 

so(3) is Lie algebra of the little group of stability of 

four-momentum in the rest frame and it plays crucial 

role in Wigner’s method of induced representations of 

the Poincare group. In the rest frame Pauli-Lubanski 

pseudovector squared reduces to quadratic Casimir op-

erator of the so(3) algebra of space rotations, eigenvalue 

of which on one-particle states with definite spin s 

equals s(s+1).  

To the second class there belong representations 

with p2=0 and W2=0 describing massless particles. Apart 

from four-momentum these representations are charac-

terized by eigenvalue of the helicity operator Λ that 

takes (half-)integer values λ=0, ±1/2, ±1,… Modulus of 

helicity |λ| is known as spin of massless particle. For 

massless particles with definite momentum, three condi-

tions p2=W2=Wmpm=0 imply that Wm=Λpm. In the frame, 

in which particle’s momentum is oriented along the first 

coordinate axis )0,0,,(0 EEpm = , where E is its energy, 

from the definition (1) it follows that components of the 

Pauli-Lubanski pseudovector equal  

 231211
0 ,, ETWETWESWW ==== .  

Here T1=S2‒N3, T2=S3‒N2, and Ni=M0i are generators of 

the Lorentz boosts. In this frame commutation relations 

of the components of Pauli-Lubanski pseudovector  

       11221121 ,,,,0, iTSTiTSTTT −===   

correspond to the iso(2) algebra of rotations and transla-

tions of the two-dimensional plane. This iso(2) algebra 

is the Lie algebra of little group of stability of null mo-

mentum in the chosen frame. In this frame the Casimir 

operator W2 reduces to 2
2

2
1 TT + . For considered class of 

representations its eigenvalue is zero but there exists 

another class of massless representations with real posi-

tive eigenvalues. Such representations are called contin-

uous-spin representations, which existence is possible 

due to commutativity of T1 and T2. They were first stud-

ied by Wigner [18] and recently became the subject of 

active exploration (see, e.g. [19, 20]), though have no 

immediate physical application.  

Taking that in the chosen frame for representations 

with definite finite helicity W2=W3=0 and W0=S1p0, 

W1=S1p1, helicity operator can be defined as  
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Widely used is the SO(3)-invariant form of the helicity 

operator Λ=Sini, where ni=pi/p0 is the unit vector in di-

rection of momentum. This expression reflects the sense 

of helicity as projection of the particle’s spin on direc-

tion of its momentum. Since both Wm and pm are Lo-

rentz-covariant quantities, their proportionality should 

hold in any frame that reflects expression (4). However, 

as was mentioned in the Introduction, in the present 

approach it is problematic to get manifestly Lorentz-

invariant expression for the proportionality coefficient 

itself.  

2. HELICITY DESCRIPTION  

IN TWISTOR THEORY 

In twistor theory [14, 15] it is well-known expres-

sion for helicity that is not only manifestly Poincare-

invariant but is actually conformally-invariant. Let  
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be a twistor, ωα and u  are its SL(2,C) spinor compo-

nents and  
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is a dual twistor. Twistor and its dual transform in 4 and 

4  representations of the SU(2,2) group that is the four-

fold covering of conformal group of Minkowski space-

time. Then classical expression for helicity is given by  
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2
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1
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In this Section we denote helicity by s because this is 

commonly used notation in twistor theory. To derive (5) 

from (1) and (4), one uses Cartan-Penrose representa-

tion for massless particle’s momentum  

 


 uup mm 

~−=  (6) 

and spinor form of its angular momentum tensor  

 

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mn +== . (7) 

We adhere to the same spinor algebra conventions as in 

[21].  

In the first-quantized theory, commutation relations 

for twistors are  
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Similarly to operators of the space-time coordinates and 

momenta, they can be realized in the form of multiplica-

tion and differentiation operators  
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that act in the space of functions on four-dimensional 

complex twistor space. There also exists another realiza-

tion  
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adapted to action on functions on the dual twistor space. 

Then Hermitian helicity operator takes the form  
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Quantization of its eigenvalues is the consequence of 

integer-valuedness of the homogeneity degree of func-

tions on (dual) twistor space.  

3. DESCRIPTION OF PAULI-LUBANSKI 

PSEUDOVECTOR, HELICITY AND SPIN  

IN ORTHONORMAL TETRAD 

3.1. ORTHONORMAL TETRAD  

IN MINKOWSKI SPACE 

Conformally invariant description of helicity in 

twistor theory relies on the null momentum representa-

tion via two-component spinor and its complex conju-

gate. This null momentum can be identified with one of 

null column-vectors nm
{±2} of attached to the massless 

particle’s world line orthonormal tetrad nm
[n]. Here index 

[n]=[0],[1],[2],[3] labels constituent four-vectors of the 

tetrad. In the light-cone basis to be defined below, it 

takes values {+2},{‒2},[2],[3]. Vector components are 

labeled by index m. Such identification suggests that 

orthonormal tetrad can be used to obtain manifestly Lo-

rentz-invariant expression for helicity operator of mass-

less particles not only in the framework of twistor theo-

ry but also in the space-time description. Analogously, it 

can be used to derive Lorentz-invariant spin operator of 

massive particles from the Pauli-Lubanski pseudovec-

tor.  

To substantiate the identification of massless parti-

cle’s momentum with null component of the tetrad, be-

low there are briefly reminded relevant properties of the 

tetrad and its realization via two-component spinors  
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Note that expression (8) is a particular case of the gen-

eral explicit representation for vector frame via Majora-

na spinors in Minkowski spaces of dimension 

D=2,3,4(mod8) proposed in [22]. Note also that 2×2 

spinor matrices 
 )(v  and 



 )(v  are known as normalized 

dyads [15, 16]. They represent orthonormal bases in the 

spaces of dotted and undotted spinors and take value in 

SL(2,C) group because of the conditions  
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These spinor orthonormality conditions ensure that the 

tetrad is orthonormal  

 ][
][

][
][

k
m

k
n

n
m nn = . (9) 

Conditions (9) are defining relations of the orthonormal 

tetrad. They imply that the tetrad takes value in the or-

thogonal group SO(1,3). Like the dyad represents or-

thonormal basis in the spinor space, tetrad constitutes 

orthonormal basis in the tangent space to the space-

time. 

Let us note that the tetrade and spinor dyads are well 

established research tools in Gerenal relativity [16, 17]. 

Utility of the tetrade and dyad, as well as of their high-

er-dimensional generalizations, for formulating models 

of point particles and extended objects in string theory 

was appreciated by the mid of 1980s [23–25]. There 

they are known as Lorentz harmonics [26–38] that em-

phasizes their feature to take value in the (spinor cover-

ing of) the Lorentz group. Introduction of spinor Lo-

rentz harmonics into space-time supersymmetric models 

of massless particle [30, 34, 35], tensionless string and 

p-branes [31–33, 39] as well as tensile string 

[36, 37, 22] and p-branes [38, 40, 41] allows to solve 

the problem of irreducible description of the κ-

symmetry [42–44]. This is just one of applications of 

the Lorentz harmonics. 

The key property of relations (9) is that they are in-

variant under SO(1,3)L×SO(1,3)R symmetry that is the 

product of two Lorentz groups. The first factor SO(1,3)L 

acts on the unbracketed indices and the second SO(1,3)R 

– on bracketed. Therefore introduction of the tetrad and 

dyads allows to retain the SO(1,3)L covariance and 

‘shift’ symmetry breaking to the SO(1,3)R group. 

From relations (9) it follows that the tetrad consists 

of one time-like and three space-like orthonormal vec-

tors. For identification with null momentum it is neces-

sary to introduce light-cone basis, in which two vectors 

of the tetrad are null 
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1
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They are labeled by weights under the SO(1,1)R sub-

group of SO(1,3)R corresponding to rotations in the 

[0][1] plane. In the light-cone basis non-zero compo-

nents of two-dimensional Minkowski metric and its 

inverse are 
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1
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They connect covariant and contravariant two-

dimensional vectors  
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In the light-cone basis relativistic Pauli matrices 
))(}({~ 

m  in (8) become projectors  
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Therefore two light-like vectors of the tetrad in terms of 

the normalized dyad acquire the form  
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Equalities (10) determine SO(1,1)R weights of the dyad 

components  
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Any of light-like vectors in (10) can be identified with 

the particle’s momentum (6). For instance, identification 

pm=nm{+2} implies identification (up to a sign) of projec-

tion parts of respective twistor and its dual with the 

components of the spinor bases  
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Then for other components of dyads one can also intro-

duce a notation  
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and the number factor is determined by the normaliza-

tion conditions 1=
vu  and 1=





vu . Expressions in 

terms of introduced spinors for other components of the 

tetrad (8) in the light-cone basis acquire the form  
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Spinor bases can be used to decompose primary parts of 

twistor and its dual  
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As a result, helicity (5) is presented in the form  
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1
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in which SO(1,3)L invariance is hidden but SO(1,3)R 

symmetry is manifestly broken.  

3.2. PAULI-LUBANSKI PSEUDOVECTOR, 

HELICITY AND SPIN  

IN ORTHONORMAL TETRAD 

From the orthonormality conditions (9) it follows 

that |detnm
[n]|=1. Below there will be considred the or-

thonormal tetrad with value in the proper orthochronous 

Lorentz group, for which detnm
[n]=1. Then from defini-

tion of the determinant  
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we find that  
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Equality (12) can be substituted into definition of the 

Pauli-Lubanski pseudovector (1) that gives  
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where  
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satisfy the same relations of the iso(1,3) algebra but 

with the bracketed indices.  

In the frame, in which momentum of the massless 

particle equals )0,0,,(0 EEpm = , SO(1,3) symmetry is 

broken down to the subgroup SO(1,1)×SO(2). Here 

SO(2) is the subgroup of Wigner little group ISO(2) for 

massless representations of the Poincare group. SO(1,1) 

group corresponds to Lorentz boosts in direction of the 

momentum mp0 . After introduction of the tetrad, such a 

symmetry breaking is ‘shifted’ to breaking of the 

SO(1,3)R symmetry. It acts on the bracketed indices 

nm
[n]=(nm

{n},nm
[p]), where {m}={±2} are SO(1,1)R 

weights and [p]=2,3 corresponds to the SO(2)R vector 

index. Then Pauli-Lubanski pseudovector for massless 

particle with momentum pm can be presented in the form  
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To arrive at this expression it has been used the condi-

tion  

 0][][ == rm
m

r npp   

of the momentum orthogonality to space-like vectors of 

the tetrad. The momentum itself is identified with one of 

light-like vectors of the tetrad, e.g.  

 }2{}2{ +−= mm np  , (15) 

where the Lagrange multiplier ρ{-2} has been introduced 

to maintain SO(1,1)R invariance. This implies that 

p{+2}=0 and p{-2}= ‒1/2ρ{-2}. Note that expression for 

momentum (15) can be interpreted as the Lorentz trans-

formation from the frame, in which it equals mp0 , to an 

arbitrary frame. It underlies Lorentz-harmonic formula-

tion of massless superparticles [30] and null-super-p-

branes [31‒33, 39] in four-dimensional superspace. As a 

result of substitution of (15) into (14), expression for the 

Pauli-Lubanski pseudovector simplifies to  
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Comparing (16) with (4), we get the expression for he-

licity  
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that is manifestly SO(1,3)L invariant.  

For single-particle representations the form of opera-

tor Mmn is determined by value of their helicity. In clas-

sical mechanics of free massless particles Mmn is angular 

momentum tensor that is the Noether charge associated 

with the Lorentz invariance of the action. Only its spin 

part contributes to the Pauli-Lubanski pseudovector and 

its explicit form depends on considered realization of 

spin degrees of freedom. Upon first-quantization of the 

spin degrees of freedom this realization should match 

the expression for so(1,3) generators in the representa-

tion theory.  

Obtained expression (17) agrees with that for helici-

ty in twistor theory (5), if one substitutes the angular 

momentum tensor (7) and realization of the orthonormal 

tetrad in terms of the spinor dyads (11).  

Above consideration readily extends to massive par-

ticles. The stability group of the rest-frame momentum 

)0,0,0,(0 mpm =  is SO(3) that is the little group in the 
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Wigner approach of induced representations. Particle’s 

momentum is identified with the time-like component 

of the tetrad  

 ]0[mm mnp = .  

Similarly to the case of massless particle, this expres-

sion can be interpreted as the Lorentz transformation 

connecting the rest frame with an arbitrary frame. Such 

an identification induces SO(1,3)R symmetry breaking 

down to SO(3)R. Then introduction of the tetrad compo-

nents into definition (1) of the Pauli-Lubanski pseudo-

vector using (12), again gives (13) but now  

 ]3[],2[],1[][,0,: ][]0[][][ ==== ipmpnpp in
m

mn .  

Therefore  

 ]][[][]][][[
2

kj
k

ikji
k Mn

m
W = ,  

where mnk
n

j
m

kj MnnM ][][]][[ =  satisfy the so(3) algebra 

relations. In terms of spin 3-vector  

 ]][[]][][[][
2

1
kjkjii MS =   

the Pauli-Lubanski pseudovector acquires the form  

 ][][ ii
kk SmnW = . (18) 

In turn, spin 3-vector is expressed via the Pauli-

Lubanski pseudovector as 

 ][][

1
ik

k
i nW

m
S = . (19) 

Like in the non-covariant approach, quartic Casimir 

operator for massive representations reduces to the Cas-

imir of the so(3) algebra  

 222 SmW = . (20) 

Expressions (18)-(20) are known to arise, e.g. in two-

twistor mechanics of massive particles [45‒47].  

CONCLUSIONS 

In this note it has been shown how introduction of 

the orthonormal tetrad in four-dimensional Minkowski 

space-time allows obtaining manifestly Lorentz-

invariant expression for helicity of massless particle as 

projection of the Pauli-Lubanski pseudovector on the 

light-like tetrad component other than its momentum. 

For massive particle, its spin vector has been expressed 

as projection of the Pauli-Lubanski pseudovector on the 

space-like tetrad components orthogonal to momentum. 

Obtained expressions are general and model-

independent and agree with those obtained in twistor 

approach to description of massless and massive parti-

cles.  

It is of interest to study the possibility of extending 

application of orthonormal vector and spinor frames to 

description of particle’s spin in other dimensions D>4 

and to compare such a description in the space-time 

approach with that based on higher-dimensional gener-

alizations of the (super)twistor approach [48, 49].  
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ПСЕВДОВЕКТОР ПАУЛІ-ЛЮБАНСЬКОГО ТА ОРТОНОРМОВАНА ТЕТРАДА  

Д.В. Уваров, А.І. Кірдін 

Як відомо, власні значення спіральності – величини, що визначаються як коефіцієнт пропорційності між 

псевдовектором Паулі-Любанського та імпульсом, – використовуються для класифікації безмасових унітар-

них представлень групи Пуанкаре. Однак представляє проблему отримання виразу для неї з явною лоренц-

інваріантністю у будь-який інший спосіб, окрім твісторного підходу. Показано, що введення ортонормова-

ної тетради у просторі-часі Мінковського дає можливість здобути такий вираз у термінах псевдовектора Па-

улі-Любанського. Введення ортонормованої тетради також дозволяє виразити у лоренц-інваріантний спосіб 

тривимірний вектор спіну масивної частинки через псевдовектор Паулі-Любанського.     
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